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ABSTRACT

lassical statistical modelling such as maximum likelihood estimation relies on knowledge
‘ of the normalising constant of a probability density model. Under certain cases, for
example where data are observed on a generic truncated domain, the normalising con-
stant is intractable. Whilst conventional methods usually approximate this term via numerical
integration, methods such as score matching (Hyvérinen, 2005) and minimum Stein discrepancy

estimators (Barp et al., 2019; Liu et al., 2016) bypass its evaluation entirely.

In chapter 3, we present a method that uses score matching to define a density estimator on a
generic truncation domain. This method relies on a weighting function that is equal to zero at
the boundary of the domain, for which we propose a distance function which arises naturally
from maximising a Stein discrepancy. Numerical experiments show the potential of the proposed
method across a range of experiments, including real world Chicago crime data, and correcting
the over-compensation from outlier trimming.

In chapter 4, we extend the work from chapter 3 where data are both truncated and lie on the
surface of a manifold. We present an application of this method to the sphere, and propose
two distance functions as the corresponding weighting function. Experiments on the sphere
show that this method achieves lower estimation error than prior Euclidean domain methods.
We present a real-world application estimating the mean of storm locations truncated over the
continental United States.

In chapter 5, we define an approximate Stein class for which the Stein identity holds approx-
imately. This enables construction of a truncated kernelised Stein discrepancy, which only
requires access to a set of boundary points. In experiments, we show that even with this relaxed
set of assumptions, the method is comparable in performance to previous methods.

Finally, in chapter 6, we derive an estimator of the time-varying derivative of the parameter
of an unnormalised exponential family density using time score matching (Choi et al., 2022).
We present a changepoint detection method based on the asymptotic variance of this estimator
which needs no prior assumptions on the type of changepoint expected. This highly flexible
method provides comparable results to previous popular changepoint detection methods. We
show its applicability to real-world applications, as well as the ability to detect when out-of-
distribution images are introduced to a dataset using a neural network representation.
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€€ A journey will have pain and failure. It is not only the steps forward that we
must accept. It is the stumbles. The trials. The knowledge that we will fail.

But if we stop, if we accept the person we are when we fall, the journey ends. That
failure becomes our destination.

To love the journey is to accept no such end. I have found, through painful experi-
ence, that the most important step a person can take is always the next one.

Brandon Sanderson
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CHAPTER

INTRODUCTION

Statistical estimation procedures are well defined and tractable for proper probability distribu-
tions. For example, one can estimate the density of a dataset assuming it is Normally distributed
in a variety of different ways, such as with Maximum Likelihood Estimation (MLE), method of
moments estimation or Bayesian inference. However, in the age of modern statistics, researchers
and practitioners are encountering more complex problems when a dataset lies on a non-typical
domain, such as one that is truncated. When the domain is truncated, many typical assumptions
break down and the classical estimation procedures are not suited. Additionally, the structure
of large and elaborate datasets may not be adequately captured by classical probability distri-
butions, and one may be interested in non-standard distributions that are more flexible. For
example, one may use a neural network, which is a highly flexible model under which the
distribution of the dataset can take almost any form.

The issue with estimation on a truncated domain, and with using these complex parameteri-
sations for data distributions is that the data density function is unnormalisable. That is, the
mathematical formulation of a density function requires it to integrate to 1; a condition that is
included by definition of classical probability distributions. In these more complex parameteri-
sations, this condition is impossible to verify without sacrificing flexibility of the model. Instead
of losing flexibility, many methods seek to estimate the parameters of this density function
without enforcing this necessary condition. The field containing these methods is referred to as
unnormalised modelling.

Unnormalised modelling is useful across a range of domains, especially relevant to applications
where the dataset at hand is too complex for classical statistical density estimation methods.
Many modern generative machine learning tasks make use of unnormalised modelling for com-
plicated tasks. For example, natural language processing, the study of the statistical properties of
language, deals with highly autocorrelated and intricately linked sequential datasets, and as such
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Figure 1.1. Example of a Normal distribution truncated at + = —1.

requires extremely flexible frameworks for estimating the densities of the embeddings of words
or sentences, for example, Mikolov et al. (2013) or Devlin et al. (2019). Computer vision tasks
often involve estimating the conditional density of images, which involves the spatially varying
properties of pixel colours, and often relies on a convolutional neural network to capture these
spatial variations (O’Shea and Nash, 2015). The most recent state of the art for image generation
- diffusion models (Ho et al., 2020; Song and Ermon, 2019) - rely on score matching (Hyvérinen,
2005; Vincent, 2011), a popular framework for unnormalised density estimation. Other examples
where unnormalised modelling has found application include hypothesis testing (Chwialkowski
et al,, 2016; Liu et al., 2016; Wu et al., 2022), Markov random fields for image analysis (Li, 2009),
and independent component analysis (Teh et al., 2003)

In this thesis we focus primarily on another example of an unnormalisable model; where the data
are observed on a truncated domain. Truncated density estimation seeks to estimate truncated
distributions, which are probability distributions with a truncation boundary. See figure 1.1
for an example. These boundaries can be intrinsic to the dataset, or occur artificially by data
collection methods. For example, image data consists of pixel values that are truncated to the
region [0, 1], and this data is truncated by definition. An example of artificially truncated data
can be found in geographical applications, where the borders of a city, state or country stop
data collection, even though there is no physical process that stops the potential observations
of new data beyond these points.

Capturing a truncated probability density is an unnormalisable density estimation problem, as
to ensure that the probability density function integrates to one, one needs to integrate with
respect to the truncated domain, a task that is often intractable when the truncated domain is
non-trivial. Whilst some methods exist for truncated density estimation that account for the
normalisation of the density function for specific distributions (Daskalakis et al., 2018; Moreira
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and de Ufia Alvarez, 2012; Turnbull, 1976), none are applicable to any generic truncated domain
nor a generic distribution.

The remainder of this section first gives an introduction and overview of generic density
estimation. Then we detail the extension to unnormalised density estimation, and the inherent
problems associated with this task. Finally, we give a summary of the remainder of the chapters
in this thesis, and then detail our notation.

1.1 Problem Overview

Let the random variable @ be distributed according to the data density function, ¢(«), a proba-
bility density function (PDF) that defines the distribution of . We cannot access ¢(x) and it is
considered unknown. In practice, we may only access it through a collection of independent
and identically distributed samples, {x;}7_ | ~ q(x).

Estimating the data density has a large amount of interesting applications, and also has a long
and important history within classical statistics. Knowing the structure of the density itself
can have meaningful intuition on the dataset at hand. In the simplest example, calculating the
sample mean of a dataset holds meaning in itself, and this calculation is equivalent to estimating
the mean parameter, /i, of a Normal distribution with some variance o2, i.e. N'(11, 0%), using
maximum likelihood estimation.

Density estimation can of course be extended to conditional density estimation, a framework
that forms the basis for regression, classification, and other generic statistical and machine
learning methods which learn the relationship between two or more dependent sets of variables.
These topics are extremely broad and applicable to very many domains.

The methods to estimate g(x) span the entire field of density estimation and are a subject of a
wealth of literature. These methods can vary from completely non-parametric approaches, such
as the widely popular kernel density estimation (Parzen, 1962; Rosenblatt, 1956), to specifically
parameterising ¢(x) under some known formulation, which will be the primary subject of this
thesis. An example of density estimation can be seen in figure 1.2.

To parameterise ¢(x) one can choose, due to some prior knowledge or otherwise, a function,
p(z; @), which we presume can represent g(x) under some value of the parameter vector 6.
0 defines the parameterisation of p(x; 0); i.e. the PDF is fully specified through the values of
0. Learning how p(x; 0) best approximates () is entirely accomplished through estimating
0 (for example by maximising the likelihood), and this forms the entire basis of parameteric
density estimation. The general form of p(x; 0) is given by

o D(x:0)
p(z;0) = 7(0)

Z(e):/vp(m;a)dm, (1.1)

where V' is the domain of x, i.e. x € V, p(a; 6) is known analytically, and Z(8) is the normal-
ising constant which ensures that the probability density p(x; @) integrates to one. p(x; €) can
also be referred to as a statistical model, or more simply a model.
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Figure 1.2. Example of density estimation for d = 1 (top) and d = 2 (bottom) for two methods:
Kernel density estimation, which is non-parametric, and maximum likelihood estimation, which
is parametric.

In the most common case, V = R%. However, V can be a truncated domain, eg. V C RY, in
which case things become a little more complicated. Truncated density functions share the same
parametric form as their non-truncated counterparts up to the normalising constant Z(8), since
the integration is with respect to the truncated V" instead of R?. In this case, it is likely that the
integration is too difficult to analytically derive, and due to the complexity of the truncation
domain, extremely hard to approximate also.

When Z(0) is unknown or intractable, then we call p(x; @) an unnormalised model. The lack of
ability to calculate the normalising constant is a problem for classical statistical methods such
as maximum likelihood, which involves maximising the log likelihood function, given by

n

> logp(xi; 0) =Y {logp(w:;0)} — nlog Z(6)
i=1

i=1
which clearly involves the unknown normalising constant and therefore cannot be evaluated.

Instead of applying the traditional and unsuitable density estimation approaches such as max-
imum likelihood, we can use methods that bypass (or efficiently approximate or estimate)
evaluation of the normalising constant. When unrestrained by the normalising constant, the
class of models admitted by p(a; €) is significantly larger in scope. For example, p(x; €) can be
a truncated density function. Before, the integration required by Z(6) would be an integration
over a highly complex truncated domain, which would be extremely difficult or intractable,
whereas in an unnormalised setting there is no such limitation.

4
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1.2 Thesis Overview

Chapter 2: Unnormalised Modelling Review This chapter is a literature review for current
unnormalised density estimation methodologies, the most relevant of these being Score Matching
and Stein Discrepancies. These methods serve as an important precursor to the original research
presented in this thesis. Whilst most of the contributions of this thesis are independent of each
other, there is a lot of overlap between methodologies between the works. This chapter is a
review of the shared literature across all projects, but some more specific background works
will be summarised in the project chapters themselves.

Chapter 3: Estimating Density Models with Truncation Boundaries using Score Match-
ing This research studies parameter estimaton for truncated probability densities using an
adaptation of score matching using a specific weighting function. The methodology is similar
to prior implementations of score matching, but the novelty is its application to any truncated
domain, provided a proper weighting function can be specified. We propose a weighting func-
tion that is a distance function to the boundary, which is easily applicable to many different
boundary types. This choice of weight function also naturally arises from maximising the
Stein discrepancy. We perform a series of experiments to show the promise of the method in
estimating truncated densities. We present an application of the method on the Chicago crime
data set in estimating the parameters of a truncated mixed multivariate Normal distribution,
and also use it to correct outlier-trimming bias caused by aggressive outlier detection methods.

Chapter 4: Score Matching for Truncated Density Estimation on a Manifold This work
studies a novel extension to truncated score matching in chapter 3, where the truncated density
estimation is on any Riemannian manifold instead of the Euclidean domain. This extension
is not straightforward as the integration by parts used to derive score matching no longer
hold, but using a variation of Stokes’ theorem enables its construction. We present applications
for the von Mises-Fisher and Kent distributions on a two-dimensional sphere in R3, where
instead of the Euclidean distance weighting function, we propose two variations: the Haversine
distance on a sphere, and the projected Euclidean distance. We numerically verify the method
via comparisons to truncated score matching and maximum likelihood estimation, and also
present a real-world application on extreme storm observations in the U.S.

Chapter 5: Approximate Stein Classes for Truncated Density Estimation In this work
we present an alternative to truncated density estimation than using score matching with
a weighting function. We argue that it may not always be viable or possible to have access
to a distance function from any point to the boundary of the truncated domain. Instead, we
introduce approximate Stein classes, which is a flexible generalisation of the standard Stein
class. From this we construct the Truncated Kernelised Stein Discrepancy (TKSD), which can be
evaluated with only a sample of boundary points, and can be minimised to obtain parameters
of a truncated density. This method implicitly uses a weighting function that is data-driven and
flexible, rather than pre-defined like in prior works. Experiments show that TKSD is on-par with
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prior methods even without the explicit functional form of the boundary. In some cases, TKSD
is more accurate than previous methods, whilst maintaining a more relaxed set of conditions.

Chapter 6: Time Score Matching for Parameter Change Estimation and Changepoint
Detection For the final project of this thesis, we adapt an extension of score matching for
time-evolving densities, which estimates the parameter derivatives with respect to time. We call
this method Time Score Matching for Derivative Estimation (TSM-DE). We first show that we
can model the change rate of a time-evolving density using an unnormalised exponential family.
Then, we derive the asymptotic distribution of our estimator under a no-change null hypothesis
for changepoint detection, and unlike classical changepoint detection methods, TSM-DE uses a
flexible model to capture the parameter changes, not needing a priori information of the type
of changepoint expected. The performance of TSM-DE is comparable to previous works in
the field, yet we argue it is a more general and versatile framework for modelling parameter
change, and we show that it gives better performance than prior methods on more complex
tasks. On real data we are able to detect increases in surface temperatures corresponding to
climate change, as well as changes in stock correlations around the period of the global financial
crisis. Finally, TSM-DE effectively identifies when out-of-distribution images are introduced to
a neural network’s output.

Chapter 7: Discussion Finally, we discuss the novelty of the research in the thesis, and the
contributions that each of the projects have given to the field. We highlight limitations of the
methods presented, as well as directions for future work in the area.

1.3 Notation

Vectors and Matrices A bold letter, e.g. «, is used to denote a vector, often a d-dimensional
vector, where d refers to the dimensionality, but not exclusively. A bold and upright letter, e.g.
X is used to denote a vector, but is usually n-dimensional, where n refers to the sample size, but
not exclusively.

Capital and bold letters, e.g. X, are used to denote a matrix, often around the size of d x d, but
not limited to that. Usually the bold, upright and capital letter, e.g. X, refers to a matrix that is
around the size of n X n, or n X d.

Derivatives The symbol V,, defines a derivative across all dimensions with respect to , i.e.
for a differentiable function f : R¢ — RY,

72 f1(x)
a%df a(x)

The partial derivative, 9/0x, is shortened to 0, for brevity. Likewise, the derivative with respect
to the j-th dimension of  is denoted by 0.
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Sometimes, for convenience of notation, 0, will apply to the immediately succeeding term,
ie. in 0, f(x)g(y), the partial derivative is taken with respect to the function f only. Where it
is necessary to be clear, brackets will separate an equation such as (9, f(x))g(z) so that the
partial derivative with respect to f only is apparent. In cases where the derivative applies to
more than one function, the brackets will surround all functions, i.e. 9, [f(z)g(x)].

Integration by parts For two differentiable functions, u(z) and v(z), and where x € D
is a scalar, and D is some domain with lower and upper endpoints a and b respectively, the
integration by parts formula is given by

/ w(z) - Vo(z)de = [u(z) - v(z)], — / v(x) - Vu(z)dz.
D D

where
fu(e) - v(@)]f = lim (u(a) - v(a)) — lim (u(2) - v(2))

z—b T—a

When « € D and « is d-dimensional, for example D = R% let us definew : D — D asa
function with a vector output, and v : D — R as a function with a scalar output. We also
can write u(x) = u(x_;, z;) and v(x) = v(x_;, x;), where x_; denotes = without the j-th
dimension and is fixed. The lower and upper endpoints of for the j-th axis of D in this case are
a(x_;) and b(x_;) respectively. Then integration by parts on the inner product (u(x), Vo(x))
is given by

| w(@). Vart@) dz = [w(@).o@Nlle) - [ (w(a), Vau@) da,

where

ORCNSEDS / [ im  w@j,z)—  lm w@ )| de,

2= et z5—ra(@—;)
and w(mfj,iﬁj) = <U($fjaxj)7v($*j>$j)>'

Expectations The regular expectation with respect to a density function ¢(x), with support
V is defined as

Score Function The score function is the first derivative of the log probability density function
with respect to the input variable x. For a given density function g(x), it is defined by

Yy(x) = Vz log q(x).

We also define the score function for the model density function, p(x; ), as
Ve (x) = Vg logp(x; 0).

7
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Norms Given a vector € R? we denote the ¢; norm, sometimes referred to as the absolute
value norm, by

d
llly = lal.
j=1

We denote the £? norm, sometimes referred to as the Euclidean norm by

Sometimes we may refer to the /! or the £2 ball, which is the set
By ={z e R!| ||z, <},

where ¢ = 1 corresponds to the ¢! ball and ¢ = 2 corresponds to the £? ball, each of radius 7.
When r = 1, these are referred to as the unit /* or ¢2 ball.



CHAPTER

UNNORMALISED MODELLING REVIEW

We review the literature relevant to the shared topics amongst all projects presented in this
thesis, that is unnormalised modelling. A brief overview of the problem formulation for unnor-
malised modelling has been given in section 1.1. Here, we detail the current state-of-the-art
methodologies for density estimation when the normalising constant is intractable or unavail-

able.

2.1 Score Matching

Let us briefly recall the aim of density estimation, which is to match two probability density
functions ¢(x) and p(x; @) to be as close together as possible. Our aim is to find a 0 to satisfy

q(x) = p(x; 0)

where € R? and we denote d as the dimensionality of z. In the unnormalised setting, methods
to do the above fall short of being able to compute the normalising constant part of p(x; 0).
Consider instead matching the score functions, that is to instead match the first derivatives of
the logarithms of ¢(x) and p(x; 6). It can be shown that

p(x;0)
C

Valogg(x) = Vg logp(z; 0) < q(z) =
for some constant C' that is independent of «. Therefore, when the score functions are equal, then
the densities themselves are also equal up to a constant. Further, consider the score functions
for p(x; 9),

Valogp(z;6) = Vg logp(x; 0) — Vg log Z(8) = Vg log p(z; 0).

9
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0 - 4

log p(x; 0) — V.logp(z;6)
0.75 -2 log p(x; 6) 2 — V.logp(z;6)
0.50 - 0
—6
0.25 _9
-8
0.00 —4
—2.5 0.0 2.5 —2.5 0.0 2.5 —2.5 0.0 2.5

Figure 2.1. Example where p(x; 0) is a Gaussian PDF, showing, from left to right, the unnor-
malised and normalised PDFs, log PDFs and score functions respectively. Note that in the final
panel, the normalised score function is invisible because it perfectly aligns, and is the same as,
its unnormalised counterpart.

Since Z(0) is independent of x, its derivative is zero, and the score function for p(x; 8) does
not require computing the normalising constant. Matching the score functions matches the
probability density functions, and does not require knowledge of Z(0) at all, and so is a natural
choice of objective to consider for unnormalised density estimation. See figure 2.1 for a visual
example of how the score function does not depend on the normalising constant.

This forms the basis of score matching (Hyvéarinen, 2005), which minimises the expected squared
difference between score functions, given by

Tsu(8) = Eq [[[94(z) — by (@)|I] (2.1)

where 9 (x) 1= Vzlogq(x) and 9, (x) := Vz log p(x; ) are the data score function and
model score function respectively. Similarly, we define ¢, j(x) and 1, ;(x) as the j-th compo-
nent of 9, () and 1, (x) respectively.

Intuitively, minimising equation (2.1) with respect to € will match the score functions and
hence the density functions themselves, but the problem is that it involves 1, (x), which in
turn involves the unknown density function g(x) and thus Jsy(0) is intractable as it currently
stands. When ¢(x) has an unbounded support (i.e. RY), Hyvirinen (2005) showed the following:

Tou(8) = By [ty () — by, (@)]?] = /R (@), () — b, (@) P
- / g(@)p,, (x) T4, (@)dz — 2 / a@),, (x) T, (@)dz + C,
R4 Rd
_ / d(@),, ()T, (x)dz — 2 / b, ()T (Vag(@))de + C,
R4 R4

which follows from ¢(z)v,(x) = q(x)Vzlogq(x) = q(x)(Vaq(x)/q(x)) = Vzq(x), and
Cq = Jga q(cc)z/;q(w)Tz/;q(a:)da:. Continuing by applying integration by parts to the second

10
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term,

“+00

Jon(8) = /Rd a@)p,, (@) T, (z)dx — 2 [q(m)lT,l/,pe(m)”

—00

+ 2 /Rd q(x)tr (Vw't,bpe(:c)) dx + Cy

— / q(w)¢p6(w)T¢pg(x)dw + 2/ q(x)tr (szbpe (z)) dz + C
]Rd

Rd
—E, [wpe () e, (@) + 2tr (Vaih,, (w))} +C, (2.2)

where the second equality has come from the boundary condition, given by

lim ¢(x)=0. (2.3)
l[z[|—o0

This boundary condition is important, but it is an easy assumption to satisfy for an unbounded
domain. For example, if ¢(x) is a Gaussian density function, then this holds by definition as the
tails of a Gaussian distribution tend to zero at +cc. Since (), is a constant with respect to 8, we
can safely ignore it when interest lies in minimising Js (@) with respect to 8. Equation (2.2)
no longer contains any terms involving the unknown data density g(«), and can be written as
a single expectation over ¢(x), and it is therefore a tractable objective.

In the practical setting, where we have observed a set of samples, {x;}!" ;, a sample version of
equation (2.3) can be constructed by taking a Monte Carlo approximation to the expectation:

jSM(H) = % Z ¢p9($z‘)T¢pg(xi) + 2tr (Vm¢p9($i>) .
i=1

One can obtain estimates 6 of 6 by minimising jSM(H) with respect to 0, i.e.

6 := arg min Js\(9).
0

Score matching on an unbounded domain without any extensions is commonly referred to as
classical score matching. When the support of g(x) is non-negative, i.e. R% , Hyvirinen (2007)
presented a slightly augmented objective, denoted as non-negative score matching, given by

Taxsn () 1= Eq [z © (9(2) — 1y, ()], (2.4)

where © denotes element-wise multiplication. Via a similar rearrangement and application of
integration by parts, Jyxnsu (€) can also be written tractably in a way that doesn’t involve the
unknown density ¢(x), and therefore a sample version can be constructed for use in practice.
Whilst the boundary condition in equation (2.3) is no longer satisfied, a similar condition is
given by

lim z;q(x)=0,Vj=1,...,d

$]'~>0+
Tj—00"

11
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The notation z; — 0" denotes the case where z; approaches zero from above, and z; — 0o~
denotes where z; approaches infinity from below. Since  is non-negative, then as x; — 07,
the condition is satisfied by x; itself, and as x; — oo™, the condition is satisfied by q(x), as
before.

Yu et al. (2018, 2019) consider an extension of non-negative score matching for graphical models
by replacing the weighting term 2 with a more general function h(z)'/? in equation (2.4). This
has been further extended by Yu et al. (2021) to consider score matching for a more general
class of supports for ¢(a) which is not necessarily limited to only Ri. This method is denoted
as generalised score matching, whose objective is given by

Jasu(8) = Eq |[|h(2)'/2 © (hy() — 1y (@) - (2.5)

It is straightforward to see that when hj;(x) = :L'jQ for all j = 1,...,d, this recovers non-
negative score matching from Hyvirinen (2007). Yu et al. (2021) show that Jsgy(0) can also
be manipulated via integration by parts to form a tractable objective, but requires a different
boundary condition of

lim hj(x)q(x) =0,Vj =1,....d,
zj—aj(x—j)*
x;—bj(e—5)~

where a(x_;) and b(x_;) are the lower and upper endpoints of the general domain, respectively.

Many score matching extensions have been developed since its inception, including an applica-
tion of score matching on a manifold (Mardia et al., 2016), for which we give a full explanation
in section 4.2.3. Whilst score matching is a powerful tool for unnormalised density estimation,
the trace term in equation (2.2), tr (sz,bp ,(Z)), becomes extremely computationally expensive
when the dimension d is high due to the necessity to calculate the hessian of p(x; ). A lot of
research has been conducted on variations of score matching to alleviate this computational
burden. Vincent (2011) present denoising score matching, which estimates the score of a per-
turbed data distribution according to some noise distribution, which circumvents calculation of
the trace term. Meng et al. (2020) propose composite score matching, which instead optimises a
decomposed score matching objective based on d separate conditional data and model densities
for each dimension, which are conditional on the other dimensions. Pang et al. (2020) use
finite-differencing to calculate the gradient of the score matching loss function in a compu-
tationally efficient way that does not require explicit computation graphs of the trace term.
Finally, Song et al. (2020) detail sliced score matching, which instead of calculating the trace
term, approximates it with random projections, equivalent to applying Hutchinson’s trick for
hessian approximations (Hutchinson, 1989).

Score matching has seen many applications in recent years due to its flexible approach to
unnormalised model estimation, particularly in the context of EBMs (Song and Kingma, 2021),
as well as latent variable EBMs (Bao et al., 2020). Most notably, score matching has been a key
method in generative modelling (Song and Ermon, 2019) as well as the widely popular diffusion
model (Song et al., 2021).

12
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2.2 Stein Discrepancies

Originally developed for goodness-of-fit tests, Stein discrepancies are a family of methods which
also use the score functions, ¥, () := Vg log q(x) and 9, (x) := V3 log p(zx; #), which can
be used for density estimation. Originating from Stein’s method (Chen et al., 2011; Stein, 1972),
a Stein class of functions enables the construction of a family of discrepancy measures (Barp
et al, 2019).

Definition 2.1 (Stein identity). Let g(x) be any smooth probability density supported on R?
and let S, : Fé - Rbea map. F4is a Stein class of functions, if for any f: R¢ — R%, fe Fi

Eq [Sqf ()] =0, (2.6)
where S, is called a Stein operator (Gorham and Mackey, 2015).

We refer to equation (2.6) as the Stein identity, which underpins a lot of existing work in
unnormalised modelling. Whilst definition 2.1 holds for any Stein operator S;, the Langevin
Stein operator (Gorham and Mackey, 2015), 7, is commonly used as it makes use of the score
function and hence has applicability for unnormalised densities. This operator on ¢(x) is given

by

Sqf(x) = Ty S ( wa ) + Ou, fi(),
where v, j(x) := 0., log q(z). When the Langevm Stein operator is applied on p(x; ), i.e
Tpe f (), it is independent of the normalising constant, Z(6), and p(x; 0) is involved in the
Stein operator only via its ‘proxy’ of the score function. It is straightforward to see that when

the density has an unbounded support (i.e. R?), the Stein identity (equation (2.6)) holds under
Tpo:

Eq [Tof () / Z {d’q,y )+ Ou, fi( )} dx

= Z /Rd 8qu($)f]($) + Q(m)axjf](m)dm

Il
o
Mg I
I,

(@@=, - [ a@o. @i+ [ a@o., s

1

I
=

)

where the penultimate equality holds due to integration by parts and the final equality holds
due to the boundary condition:

q(x) = 0. (2.7)

]| —o0

The boundary condition is the exact same condition as for classical score matching, given in
equation (2.3). Interestingly, the Stein identity given in definition 2.1 can be used in place of

13
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the integration by parts in deriving the tractable score matching objective in equation (2.2),
highlighting the importance of the Stein identity in unnormalised modelling.

The Stein identity is zero when the expectation is with respect to the same density that the
Stein operator is applied to, e.g. both operations are with respect to ¢(x). When these densities
are not the same, one can measure the magnitude of E,[7,, f(x)], which in essence measures
the extent to which Steins identity is ‘violated’ between ¢(x) and p(x; @), and therefore the
difference between the two densities. This motivates the definition of a Stein discrepancy : given
by the supremum of the differences between expected Stein operators for the two densities g(x)
and p(x; @) (Gorham and Mackey, 2015),

Jsp(0) 2 = sup (Eq[Tpy f(@)] = Epy[Tpo £ (2)])
Ferd

= Ssup Eqw;g.f(x)]a (2-8)
feFd

where the second line holds due to equation (2.6), as F¢ is a Stein class by definition. f is
referred to as the discriminatory function, as it discriminates between the two densities, ¢(x)

and p(x; 0).

The maximisation over f € F finds the maximum ‘violation’ of the Stein identity, making
the discrepancy as large as possible. The supremum across F¢ is a challenging problem for
optimisation (Gorham and Mackey, 2015), however, when we restrict the function class over
which the supremum is taken to a Reproducing Kernel Hilbert Space (RKHS), we can derive the
Kernelised Stein discrepancy (KSD), for which we follow a similar definition to Chwialkowski
et al. (2016) and Liu et al. (2016). For a general overview of the RKHS, we refer to Chapter 4,
Steinwart and Christmann (2008).

First, let G be an RKHS equipped with positive definite kernel &, and let G¢ denote the product
RKHS with d elements, where g = (g1,...,94) € G% and is defined with inner product

d d .
(9:9")ge = >5-1(9,9})g andnorm [|g[[ga = \/>_5_1(3j, 9j)g - By the reproducing property,
any evaluation of g € G% can be written as

9(@) = (g, k(z,-)ga = (g1, k(@,-))g, -, (g4, (@, -))g] " - (2.9)

Taking the supremum over G4, and including the restriction of g to the RKHS unit ball, i.e.
llgllga < 1, gives rise to the KSD

Jxsp(0) = Sugd Eq[Tpeg(®)] = By [Tpek(, )]l ga- (2.10)
€
lgllga<1

Unlike the classical Stein discrepancy, the KSD has a closed form expression which no longer
involves the supremum. Moreover, the squared KSD can be expanded to a double expectation

d
JKSD(0)2 = ||Eq[7;76k;(m’ )]H(z_;d = Equ(m)Equ(m) Zuj(mv y) (2-11)
j=1
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where

Ui (2, Y) = Vpg,j (®)Upg,i (Y)k(,Y) + tpy,j(€) 0y, k(2 y)
+ ¢pe,j(y)axzk(ma y) + 8wzayzk(mv y)' (2.12)

This objective contains no unknown terms, and is fully tractable. A sample version of equa-
tion (2.11) can be constructed by taking a Monte Carlo approximation of the expectation:

n n d
jKSD(0)2 = % Z Z Z ul(wi, ZIZj).

i=1 j=1 I=1

jKSD (0)2, being a tractable formulation which measures discrepancies between densities, is a nat-
ural objective function to minimise to estimate 6 for density estimation. Further, Chwialkowski
et al. (2016) showed that Jisp(6)? = 0 if and only if p(x; @) = ¢(x), making Jxsp(0)? a good
discrepancy measure between distributions.

Stein discrepancies have seen a lot of development, including extensions to non-Euclidean
domains (Shi et al., 2021; Xu and Matsuda, 2021), discrete operators (Yang et al., 2018), stochastic
operators (Gorham et al.,, 2020) and diffusion-based operators (Gorham and Mackey, 2015;
Gorham et al., 2020). Motivated by performing goodness-of-fit testing on truncated domains,
Xu (2022) propose a modified Langevin Stein operator for any general bounded domain V' with
boundary 9V, given by

d
Too.n9(T) =Y Upy (@) gj(@)h(@) + s, (95 (@)h(x)), (2.13)
j=1

for g € G¢, where h(x) is a weighting function. Using the Stein operator in equation (2.8), and
taking the supremum over g € G¢ gives an alternative definition to KSD for bounded domains,
called bounded-domain kernelised Stein discrepancy (bd-KSD):

Jra—xsp(0) = HEQ [Ee:hk('x’ ‘)] Héd'

Instead of the condition given in equation (2.7), this Stein divergence relies on the boundary
condition

lim g(x)h(x) =0

r—ax’

for which £ — «’ denotes & approaching its corresponding projection to the boundary denoted
by @’. This condition can be satisfied by choosing h such that h(2’) = 0 where ' € 9V'. The
form of A is not explicitly defined, but the authors recommend a distance function.

2.3 Alternative Methods

So far, we have presented two primary methods for unnormalised density estimation: score
matching and Stein discrepancies. Both methods underpin the majority of unnormalised mod-
elling and could perhaps be considered as the most popular methods for this field. But there
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exist a wealth more methods and literatures that introduce a diverse range of methodologies
for unnormalised modelling, which we will summarise in this section to complete the picture of
the field.

Instead of seeking a method which bypasses the evaluation of the normalising constant, Gutmann
and Hyvirinen (2010) estimate Z(0) as an additional parameter to the density parameters, i.e.
consider @ = [0',a]", where a = log Z(0), and log p(x;0) = log p(x;0’) — . Then, one
can apply traditional parameter estimation methods on the new parameter vector 8. However,
applying methods such as maximum likelihood on this augmented probability density function
are infeasible, as maximisation on the likelihood would have unbounded growth due to a lack
of constraint on «.

Noise-contrastive estimation (NCE) (Gutmann and Hyvéirinen, 2010) instead seeks to discrimi-
nate between samples from the data distribution g(«) (labelled as y = 1), and samples from
a known noise distribution (labelled as y = 0), whose density is denoted as p,, (x), which is
for example a uniform or Normal distribution. Instead of learning the model density p(x; 0)
directly, the probabilities of the classes given the data, i.e.

P(y = 1|z;0) = h(z;0), P(y=0[x;0)=1-h(x;6),

can be learned via a classification approach such as logistic regression, where h is the classifica-
tion function. Knowledge of the prior probabilities (the proportions of samples, P(y = 1) and
P(y = 0)), and the application of Bayes’ theorem, enables the estimation of the class conditional
probabilities via

Plzly =1;6)P(y = 1) p(x; 6)

Py = 1|=;6) = p(x) " p(@:0) + (na/ng) pu(@)’

where the key learning target is P(x|y = 1;60) = p(x; 0), n,, is the number of samples from
pn(x) and ng is the number of samples from g(x). Regular density estimation via learning
the class conditional probabilities is well known, see for example Section 14.2.4 of Hastie et al.
(2009), but Gutmann and Hyvéarinen (2010) proved that unnormalised models can be estimated
with the same principles via the introduction of estimating Z(6) as an extra parameter, a.

NCE as a method has seen many applications, especially in the field of machine learning. For
example, it has been applied to estimating natural image statistics (Gutmann and Hyvirinen,
2012), natural language processing (Mnih and Kavukcuoglu, 2013; Mnih and Teh, 2012), repre-
sentation learning (Hjelm et al., 2019; Kong et al., 2020), and more. Whilst it is a powerful tool
for unnormalised modelling, it relies heavily on choosing a good noise distributon p,, () which
is close to the data distribution (Gutmann and Hirayama, 2011; Song and Kingma, 2021), yet is
easy to sample from and analytically tractable (Gorham et al., 2020). A ‘bad’ choice of a noise
distribution leads to a flat loss landscape (Liu et al., 2022), and the learned model will have slow
convergence rate and may fail to capture the data density ¢(x) (Jiang et al., 2023).

Score matching and Stein discrepancies bypass the calculation of the normalising constant,
noise-contrastive estimation estimates it as a parameter, but there is another family of methods
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which approximate the normalising constant. In the simplest case, Z(0) is an integration which
is analytically unavailable, but approximation methods such as quadrature or Markov Chain
Monte Carlo (MCMC) (Metropolis et al., 1953) could calculate the integral, albeit slowly.

Instead of approximating Z(0) directly, consider naively maximising the likelihood via gradient
updates of the form

Vg logp(z;0) = Vg logp(z;0) — Vg log Z(6).

The first term, Vg log p(x; 0), is known, or is straightforward to calculate, whereas the second
term is still unknown. However, one can write

Vg log Z(e) = Ewwp(w;@) [VH log ﬁ(wa 0)]7

which is an expectation of a known quantity (Song and Kingma, 2021). If we can sample from
p(z; @) then this term can be approximated via a Monte Carlo expectation over a finite number
of samples. Obtaining samples from p(x; @) is not always straightforward. One can perform
rejection sampling to sample from p(x; @), called rejection sampling MLE, but this is laborious
and computationally expensive if p(x; 0) is particularly complex.

An alternative approach is to apply MCMC methods to obtain samples from p(a; ). This is
still computationally expensive however, since one would need to run an MCMC chain until
convergence to obtain a sample  ~ p(x;8). Hinton (2002) showed that by initialising the
MCMC chain on the datapoint @, one typically needs fewer MCMC steps until convergence. In
fact, Hinton recommended that sometimes only one step would suffice. This method is known
as contrastive divergence, which has been used in various applications since its inception (Chen
and Murray, 2003; He et al., 2004; Teh et al., 2003), and has also been extended to more efficient
variants (Gao et al., 2018; Tieleman, 2008).
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CHAPTER

EsTIMATING DENSITY MODELS WITH TRUNCATION BOUNDARIES
USING SCORE MATCHING

Note on contribution This chapter is based on the paper entitled Estimating Density Models
with Truncation Boundaries using Score Matching (Liu et al., 2022), which appeared in JMLR,
authored by Song Liu, Takafumi Kanamori and Daniel J. Williams. My primary contribution
was in the development of the algorithm and the experiments.

3.1 Introduction

In many applications of density estimation, we are unable to view a full picture of our dataset.
We are instead given access to a smaller subsample of data that is likely artificially truncated by
a boundary. As an example, a police department can only monitor crimes within their city’s
boundary, despite the fact that crimes do not automatically stop at the edge of the city’s official
borders. Other examples of truncation boundaries include limited number of medical tests,
which can result in under-reported disease counts, or a country’s borders preventing discoveries
of habitat locations.

Truncation boundaries are often highly complex, for example, the boundary of the city of Chicago
is a complex polygon (see Figure 3.1) which cannot be easily approximated by a bounding box
or circle. Further, truncation introduces difficulties in statistical parameter estimation, which
assumes access to the full dataset. If one applies these naive methods to a truncated dataset, the
estimates will be bias. Whilst there exists methods for specific tasks, such as doubly-truncated
data (Chen and Hanson, 2014; Moreira and de Utia Alvarez, 2012), truncated multivariate Normal
data (Daskalakis et al., 2018) or truncated regression (Daskalakis et al., 2019), there exists no
prior work which can perform density estimation on any generic truncated domain.
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Figure 3.1. City of Chicago, where blue dots are locations of homicides in 2008, and the red
crosses are estimates from a naive MLE implementation to estimate the two means of a mixed

Gaussian distribution.

In this chapter, we propose a novel estimator for truncated density models using an adaptation
of score matching Hyvérinen (2005); a popular framework for unnormalised density estimation.
This estimator is a natural extension of previous works in the field, namely Hyvérinen (2007);
Yu et al. (2018, 2019). We propose a weighting function that is the shortest distance from a data
point to the truncation boundary. We show that this choice naturally arises from minimising a
Stein Discrepancy.

3.2 Methodology

3.2.1 Generalised Score Matching on Truncated Domains

Let us begin by re-stating the generalised score matching objective for the non-negative domain
from Yu et al. (2019), given by

Jasu(0) = Eq |[|h(2)'? © (hy() — 1y (@) - (3.1)

Generalised score matching was originally proposed for the non-negative domain Ri. For any
generic truncated domain V' (i.e. not necessarily Ri), then the results derived by Yu et al. (2019)
do not hold. We intend to extend this method to for any generic truncated domain V. Firstly,
the following Lemma shows the validity of equation (3.1) for the domain V:
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Lemma 3.1. Suppose that V is a connected open subspace in R, such that V C RY, hj(x) >
0,Vj=1,...,d,and q(x) > 0, V& € V. Then Js5,(0) = 0 if and only if q(x) = p(x; 0).

The proof can be found in Lemma 2, Liu et al. (2022). The next theorem shows that the generalised
score matching objective has a unique minimiser which is the true parameter.

Theorem 3.2. Assume the same conditions as Lemma 3.1. Let P = {p(x;0)|0 € O} be a family
of parametric model density functions, from which q(x) = p(x; 0*) for some true parameter

0*. Assume also that p(x; 0) is identifiable, such that p(x;0) # p(x;0’) for @ # €. Then
arg mingcg Josu(0) is unique and is 0*.

The proof can be found in Theorem 1, Liu et al. (2022). This theorem states that minimising
Jasm(0) will give us the true parameter %, provided the parametric family P contains the true
data density.

3.2.2 Truncated Score Matching Objective

Hyvérinen (2007) and Yu et al. (2019) showed that the generalised score matching objective,
Jasu (0), on the non-negative domain R< , could be written as

d

Jasm(0) = ZEq [hj(x)wpeu‘(w)Q + 28&:]' (hj(fn)wpe,j(x))] + Cy,
j=1

which follows under the mild boundary condition of

lim hj(x)g(x) =0, Vj=1,...,d, (3.2)
Zj —0t

Tj—r00
for which design of h(x) can satisfy this criteria. For example, Hyvirinen (2007) implicitly used
h(x) = x, which naturally satisfies the condition. Let us now let the support of ¢(x) be V
instead of Ri, then we can consider the following objective,

Trsni(8) i= By [lg(@)/2 © (,(2) — (@) 2] (33)
which is the same as Jgs) (@) up to the support of g().

Clearly, the weighting function g(«) inside of J1g\ (@) will need to be different to its counterpart,
h(x), inside of Jusy (). More specifically, when considering a truncated domain V', one would
need a different boundary condition to equation (3.2), as it would need to be specified across
all points in the boundary set of V. Let OV denote the boundary of V', then one would instead
require the following boundary condition,

lim g;(x)g(x)=0,Vj=1,...,d, (3.4)
rz—x’

where &’ € V is denoted as a boundary point, and  — «’ takes any point sequence converging
to &’ into account. This can be used in part to derive the following theorem.
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Theorem 3.3 (Truncated Score Matching). Let equation (3.4) hold for some g(x) that is weakly
differentiable. Further assume that V' is a Lipschitz domain. Then,

d
Jrsu(0) = By [05(@)1pe ()? +205(2) 0z, g (@) + 205, 9;(x) g5 (@)] . (3.5)

j=1

This theorem provides an objective function under a flexible formulation which only requires
a weakly differentiable weighting function g(«). The proof can be found in Liu et al. (2022),
which relies on Extended Greens Theorem (Proposition 7.6.1, Atkinson and Han (2005)), which
is an analogue of integration by parts for weakly differentiable functions on Lipschitz domains.
The theorem also relies on a number of assumptions, and therefore a carefully considered h(x),
which will be addressed in the next section.

3.2.3 Choosing a Weighting Function

The weighting function g(x) must be chosen so that (i) it is weakly differentiable and (ii)
equation (3.4) is satisfied. Further, it would be preferable to have intuitive reasoning for g(x) in
the context of truncated density estimation. In this section, we consider a criterion for selecting
g(x) based on maximising a Stein discrepancy. For simplicity, we assume that ¢(x) and 1,,, ()
are both smooth in this section.

Since the task is density estimation, we can consider a density estimator that minimises a Stein
discrepancy (as defined in equation (2.8)), i.e.

sup Eq[Tp, f ()],
feFd

where 7, f(x) = 24:1 Vpe,j () fi () + 0z, fj(x) is the Langevin-Stein operator (Gorham and
Mackey, 2015). This minimum Stein discrepancy estimator is closely related to score matching
(Barp et al., 2019).

Consider a function family given by
Fe={f=hog"?|Ey|h(z)|*] <1},
where h : V — R? is a smooth function.

Theorem 3.4. Let Lipk (V) be the set of all functions such that for g € Lip5(V), g: V — R?
that are L-Lipschitz continuous with respect to dist(-, -), and for which g(x') = 0 V&' € V. Let
FeFg andg; € Lipf (V) Vj =1,...,d. Then F¢ is a Stein class of () defined on V', and

sup Ey[Tpe f(2)] = (/L - Jrsu,(0) ,

ferg
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(2) (b) (c) ()

Figure 3.2. Some examples of go(x) for (a) a circular boundary, (b) a square boundary, (c) a
triangular boundary and (d) an irregular polygon. Here, dist(-, -) is the Euclidean, or £?, distance
function.

where Jysu, (0) denotes Jrs\(0) with g = [go, . . . ,g0] T, and go is given by

go(x) = min dist(z,z’), (3.6)
x’'cdV

and dist(+, -) is a distance function.

The proof of this theorem can be found in Theorem 3, Liu et al. (2022), as it partly based on
the proof of Theorem 2, Barp et al. (2019). Some examples of dist(-, -) include the £2 distance
function, dist(x,y) = ||z — y||2, or the ¢! distance function, dist(x,y) = ||z — y||1. Some
visual examples of the /2 distance function for various domains is shown in figure 3.2.

This theorem shows that when maximising the Stein discrepancy over a set of L-Lipschitz
continuous functions, provided that the functions satisfy the boundary condition as given in
equation (3.4), then the maximum is proportional to the truncated score matching objective
with a specfic weighting function gg. Therefore, Jrsy, (@) is a maximum Stein discrepancy.

We denote Jrsy, (0) as the TruncSM objective function, where TruncSM is the name of the
method that uses the truncated score matching estimator, equation (3.3), with weighting function
g = go, the distance function.

Corollary 3.5. LetLTpg(V) := {g € Lip{(V)|g(x) < 1} be the set of bounded L-Lipschitz con-

tinuous functions that satisfy the conditions from theorem 3.4. Let f € F{, andg; € LTpg(V) Vi =
1,...,d. Then

sup Eq[%ef(x)] - JTSML (9) ’
FeFy

where Jrsy, (0) denotes Jrs\(0) withg = [z, . .. ,gr) ", and gy, is given by

gr(x) = min(1, L - go(x)). 3.7)

This thoerem shows that Jyg\, (€) is also a maximum Stein discrepancy, for which the proof
can be found in Corollary 1, Liu et al. (2022). This capped weighting function is an alternative
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Figure 3.3. Estimating the mean of a Multivariate Normal distribution.

to go based on a slight variation in the function family that is optimised over. A similar capped
weighting function given by g; = min(1, z;) is discussed in Yu et al. (2018, 2019) for when
V = R%, and this exact capped function is later discussed in the context of generalised score
matching for an unbounded domain V' by Yu et al. (2021).

Whilst theorem 3.4 and corollary 3.5 show that gy and gy, are natural candidates for weighting
functions via Jrsy, (€) and Jrsy, (€) being maximum Stein discrepancies, respectively, this
does not guarantee efficiency in statistical inference tasks. In section 3.3, we investigate their
performance empirically.

3.3 Synthetic Experiments

3.3.1 Illustrative Examples

Multivariate Normal Mean The first example we consider is estimation for a two-dimensional
multivariate Normal distribution with fixed identity covariance matrix I5. In this case, the
unnormalised density function is given by

plai) = exp (5@~ 0) (@~ 0)
where 6 is the mean, and hence
Ype(@) = —(x - 0).
The experiment is set up as follows. First, a set of ng = 2000 samples is sampled via
{=:}i2) ~ N(67, I),

where 0* is the true mean to be estimated. We denote by n( the number of untruncated samples
(observed and unobserved). These samples are then truncated to the unit ¢ ball around the
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Figure 3.4. Estimating the means of a mixed Multivariate Normal distribution using TruncSM
and RJ-MLE.

origin, so only a subset of the samples are observed (n = 393) in a corner of the dataset. We
employ TruncSM with the Euclidean distance function to estimate the mean, considering the
covariance matrix known, for which the estimated mean, 0 is close to the true mean, 8*. The
experiment setup and result is shown in figure 3.3.

Mixed Multivariate Normal Means A more difficult example is given by estimating multi-
ple means of a mixed multivariate Normal distribution with four nodes and identity covariance
matrix, I, for which the unnormalised density function is given by

4
P(x:0) =3 exp (—;(cc — 0 (z - ek)>
k=1

for four distinct means at
1=12,2], 65=1[-2,2], 05=1[2—-2], 6, =[-2,-2].

The task in this case is to estimate all four means considering the covariance known. ng =
10, 000 untruncated samples are simulated from the distribution, but only n = 1417 truncated
samples are observed, where the truncation domain is a oddly shaped polygon positioned
centrally in the dataset.

Both TruncSM and rejection sampling maximum likelihood estimation (R]-MLE) are employed
for estimation. RJ-MLE is a likelihood maximisation method which uses particles to approximate
the normalising constant, Z(8). The results from the experiment can be seen in figure 3.4.
Figure 3.4(a) shows a visual example of the experiment, where RJ-MLE uses 500,000 particles,
whereas figure 3.4(b) shows the estimation error and runtime of the methods, plotted against
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Figure 3.5. Mean estimation error, with standard error bars, against sample size and dimension,
independently, for TruncSM, where g is either the ¢2 or ¢! distance function.

the number of particles used in RJ-MLE. Both methods are given initial parameter estimates of
0* + ¢, where € ~ N(0, 1) is a small perturbation. TruncSM gives comparable results to RJ-MLE,
and both methods estimate means that are close to the true values. Further, the runtime of
TruncSM is considerably lower than RJ-MLE, which requires exponentially growing particles
and hence computation time to achieve comparable results to TruncSM.

3.3.2 Choice of Distance Function: /! vs (>

In section 3.2.3, we show that an optimal weighting function for truncated score matching
is given by go, which is defined for some arbitrary distance function, dist(-, -). In this section
we explore two choices for dist, the £2 and ¢! distance function, and compare their empirical
performance across two experiments.

Sample Size Similarly to the first example in section 3.3.1, we simulate a set of untruncated
samples from a d-dimensional multivariate Normal distribution via

; NN(O*,Id),

where 8 = 1 . 1, is the true mean to be estimated. In this case, we truncate samples to the

2
upper half of the ¢! ball, centred on the origin, i.e. we consider the domain given by
V=A{z: |z <124 >0}

Any points for which the conditions in V' are not satisfied are discarded, and we continue
sampling x; then potentially discarding until we have a set of truncated samples of size n. Then
we estimate the mean with TruncSM using an ¢! and ¢? distance function for g, separately.
Across 400 trials and for d = 2, the mean and standard error of the estimation error, ||0* — 9|
is reported for different values of n in figure 3.5(a).
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There is a neglegible difference between the ¢! and ¢? distance function across all values of
n. Additionally, from this experiment we can see that the mean estimation error decreases as
expected with sample size n, which shows that the estimator is empirically consistent.

Dimension We also consider increasing the dimension of the data, d, and how it affects
estimation error. The experiment setup is identical to the experiment above for sample size,
except d varies and n = 150 is fixed. The results are shown in figure 3.5(b). Naturally the error
increases with d as the problem becomes more difficult, but the increase is only linear, which is
to be expected. The distance functions provide comparable estimation errors across all d, but
for higher values of d, the 2 distance function has a marginally smaller error, implying it has a
stronger performance for high dimensions.

Aside from a small difference in error at high dimension, from these experiments we can
conclude that the choice of distance function is largely unimportant.

3.3.3 Capped Weighting Function

We investigate the performance of the capped weighting function,

gr(x) = min(1, L - go(x)),

which stems from corollary 3.5. Firstly, we note that when L is small, then gy, will never be
‘capped’, where being capped refers to when L - go(x) > 1 for a given x). In this case, g1,
is equivalent to gg up to a multiplicative constant. We experiment the effect of capping by
measuring the estimation error for three different values of L, L = 0.1, L = 1 and L = 10.
Additionally, we vary the size of the domain V' through a scaling factor b which controls the
‘size’ of the truncated region V, for which higher values of b result in a smaller proportion of
data being truncated. We also record the number of data points which are capped. Similarly

to earlier examples, ng samples are generated from a two-dimensional multivariate Normal
distribution,

{zi}2 ~ N (6%,15),

with true mean 8* = 15, and known covariance. The samples that are not within a given domain
V are discarded and only those within the domain are considered as observed. We test for two
distinct domains: a square boundary and a disjoint boundary, which are created by supplying
set(s) of vertices (2, detailing the locations of the polygonal truncation domain. The variable b
controls the size of the domain by offsetting the supplied vertices in ). For the square, this is
given by

Qgq = {(=b,=b),(=b,b), (b,b), (b, —b)}.

Increasing b in this scenario leads to the corners of the square boundary being shifted by an
equal amount. For the disjoint boundary, two sets of vertices are given for two disjoint domains:

Qaist :={(1 = b,0.5 —b), (1 —b,0.5), (1+ b,0.5), (1 +b,0.5 — b)},
Qaisz ={(1 = b,1.5), (1 = b, 1.5+ b), (1 + b, 1.5+ b), (1 + b, 1.5)}.
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Figure 3.6. Examples of truncated domains, estimation errors, and percentage of data points
where gy, is ‘capped’, for two distinct domain types: (a) a square domain; and (b) a disjoint

domain.
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Increasing b in this case will enlarge the truncation domain while the ‘disjoint’ section in the
middle remains unchanged. Examples of the truncated domain V' under some values of b are
given in the top rows of figures 3.6(a) and 3.6(b).

Figure 3.6 shows the results from this experiment. The results are in line with what is expected,;
when the size of the region V' increases, and a more ‘complete picture’ of the dataset is given to
the method, the estimation error decreases and TruncSM is more accurate. For almost all values
of b, the square boundary provides a lower error than the disjoint boundary, due to the disjoint
boundary always having a region where data are not observed.

The value of L = 0.1 seems to have the strongest empirical performance across all values of b,
and in this case, g7, has no points that are capped. Therefore we can conclude that empirically, gg
is the best performing weighting function. When the domain size increases to larger values, the
square domain in figure 3.6(a) effectively becomes untruncated, and larger values of L reduces
to classical score matching, as all evaluations of gj, are capped at 1. For the disjoint domain in
figure 3.6(b), the domain is never fully untruncated at higher values of b, and smaller values of
L remain the most performant throughout.

3.4 Applications

3.4.1 Chicago Crime Example

Crimes that happen within the city of Chicago are only recorded within the artificial confines
of the city’s boundary, even though they do not stop happening outside its borders. We can
consider the region of Chicago as the truncated domain V/, and can treat the homicide locations
(longitude and latitude) reported by the police in 2008 as points from a mixed Multivariate
Normal distribution. We assume a fixed standard deviation that roughly covers two ‘widths’ of
the city, such that ¢ = 0.06. The dataset is obtained from Chicago Police Department (2019).

The task is to estimate two centres of crime locations assuming that the mixed distribution has
two nodes, using the city boundary as the truncation boundary V. We initialise parameter
estimates at the sample mean of the dataset plus some perturbation, i.e. £ + ¢, where € ~
N(0,0?). This region is a complex polygon that cannot be written in an analytical form, and
thus an approximation to the #? distance function must be used for go. This approximation is
based on minimising a sample version of equation (3.6), where instead of minimising over the
full set JV, we minimise over a set of coordinates instead. The evaluations of gy are shown
visually in figure 3.7(c).

Figure 3.7(a) shows single estimates given by TruncSM, RJ-MLE and regular (vanilla) MLE, as
well as the 95% confidence region as a dashed line. All methods chose two means at the north
and south of the city. Whilst MLE picked the northern mean close to the centre of the city, the
two truncated methods, TruncSM and RJ-MLE, picked the northern mean as further west. The
southern means were all consistently placed in the centre by all methods.

Figure 3.7(b) shows a collection of estimates for different initialisations across 500 trials for the
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Figure 3.7. Estimating the mean location of reported homicides in Chicago in 2008 as a multi-
variate Normal distribution. Data are truncated at the city’s borders.
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(c) Validation log-likelihood as v increases across the 10 image classes in the CIFAR-10 dataset.

Figure 3.8. Outlier over-trimming compensation using TruncSM, in comparison with a naive
MLE approach and the ground truth.

same methods. The purpose of this plot is to show how robust the estimator is to initialisations.
For each trial, the mean is plotted with a lightly shaded ball with radius equal to the standard
deviation. Therefore stronger colours represents where the estimates are placed more often. Both
methods place their estimates consistently in the north and south of the city. Some means were
placed outside of the city entirely, but these are rare events and can be safely discounted. Overall,
the estimates seem consistent with figure 3.7(a) and we can say the estimator is reasonably
robust to initialisation choice.
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3.4.2 Outlier Trimming Over-compensation

Removing outliers from a corrupted dataset is necessary if one wants to perform density
estimation on the uncorrupted dataset. Outlier removal methods come with risks - that any
outliers you might exclude from your dataset have a chance of being ‘inliers’; coming from
the original, uncorrupted dataset, and not being an outlier at all. Further, the true number of
outliers is often unknown, and it is sometimes necessary to over-compensate for outliers to
ensure that you have removed the majority of them. We propose that TruncSM can be used to
recover the density parameters of uncorrupted datasets, even when outlier detection methods
are severe and remove a significant amount of inliers as well as outliers.

Methods such as One-Class SVM (OCSVM) (Schélkopf et al., 1999) construct a decision function

u(x) = Zéj@(:c),

where 0; are parameter estimates from the OCSVM model and ¢i(x) is a feature transform
defined in advance. In this case, ¢(x) = k(-, ), a Gaussian kernel. OCSVM also depends on
the hyperparameter v € [0, 1] which governs the proportion of outliers in the dataset. For a
given data point @, if u(x,) < 0, then x, is labelled as an outlier. Likewise, if u(x4) > 0, then
x, is labelled as an inlier. OCSVM implicitly creates the domain V' and boundary 0V given by

V ={z e RYu(z,) >0}, 9V = {x c R¥u(zx,) = 0}.

V is a domain that is smaller in size when more aggressive (i.e. larger) values of v are chosen,
and more outliers (and hence a higher chance of more inliers) are trimmed from the dataset.
Using TruncSM, we can treat V as a truncated domain with boundary 0V and estimate the
parameters of the uncorrupted density. We first experiment on a simulated example, and then
show applicability to image data using the CIFAR-10 dataset.

Simulated Outlier Experiment Firstly, we sample sets of inliers and outliers as

- ({7 ) e (B )

for ni, = 500 and noys = 50. These samples are combined and we apply the OCSVM method
to detect outliers. The outlier proportion parameter, v, is set to ¥ = 0.2, and so the number of
outliers was overestimated.

The task is to estimate the mean and the diagonal of the covariance matrix for the inlier dataset,
using only data points classified as inliers by OCSVM (i.e. points inside V'), without any labels
indicating inliers or outliers. Figure 3.8 shows this experiment, for which figure 3.8(a) shows the
visualisation of this example, and the 95% confidence interval (CI) output by TruncSM which is
significantly closer to the true CI than a naive MLE implementation.

In figure 3.8(b) we repeat the experiment for increasingly aggressive values of v, which truncates
more inliers as v increases. This experiment is also performed for a much higher dimension,
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d = 20. Across 36 trials for each value of v, we record the log-likelihood values using estimates
from TruncSM and MLE on a hold-out dataset that neither method accessed, and report the mean
and standard deviation. In general, TruncSM is able to obtain a likelihood that is closer to the
truth than the naive MLE implementation which does not account for any form of truncation,
across all values of v.

CIFAR-10 Image Dataset The CIFAR-10 image dataset (Krizhevsky, 2009) is a large collection
of images of different objects, each labelled as one of ten classes. For each class, we artifically
corrupt the dataset by including 0.1 - ny draws from a N'(14, I;) distribution alongside the
images as outliers, where ng is the number of images in each class.

To reduce the computational complexity of the problem, we reduce the dimensionality of the
dataset using PCA from a 32x32 image to a 10-dimensional vector. We use both TruncSM and
MLE to estimate a multivariate Normal distribution on the corrupted data for each class in the
reduced 10-dimensional space, and similarly to the earlier example, report the log-likelihood on
a hold-out dataset that was previously unseen by all methods, across increasing values of v.
This is plotted in figure 3.8(c).

Across all classes, truncated score matching gives a hold-out log-likelihood that is comparable
to MLE. For higher values of v (i.e. for a heavier truncation setting), and for certain image
classes, such as aut omobile and t ruck, truncated score matching gave a log-likelihood that
is closer to the ground truth than MLE.

3.5 Discussion

We have presented a method based on score matching that bypasses the calculation of this
normalising constant, called TruncSM, which is also applicable to any generic truncated domain.
The method is derived from theoretical principles, and we have shown through experiments
that it achieves results comparable to approximation-based methods. Experiments also show
that TruncSM is empirically consistent. We also show its broad applicability to truncated
density estimation for both multivariate Normal distributions and mixed multivariate Normal
distributions. We present an application on real data for crime locations in the city of Chicago.
One final example shows the use of TruncSM in accounting for over-compensation in outlier
detection for synthetic data and an image dataset.

This work was developed to increase the flexibility of the score matching estimator to not only
unbounded domains such as R?, or domains bounded in a specific way, such as ]Ri, but to any
generic domain V. This is specified for the Euclidean space only, but prior score matching works
exist, such as Mardia et al. (2016), which are applicable to a Riemannian manifold. To extend
TruncSM in this way, one would need to reformulate the objective function and likely find a
new way of defining the distance function in gg. This is explored in great detail in chapter 4.

TruncSM relies on a weighting function which is a distance function from a point to its closest
corresponding point on the boundary of the truncation domain. We have presented different
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choices for distance functions and experiments have shown little difference in performance
between them. The weighting function, gy, was chosen based on maximising a Stein discrepancy
under a restrictive function class, but a more flexible function class may result in a better
performing estimator. This serves as motivation for the work presented in chapter 5.
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CHAPTER

SCORE MATCHING FOR TRUNCATED DENSITY ESTIMATION ON A
MANIFOLD

4.1 Introduction

Performing density estimation over the domain of a manifold such as the surface of the Earth,
using methods that rely on a Euclidean data support, may yield inaccurate results due to
the curvature of the planet’s surface. This inaccuracy will be exacerbated when the region is
significantly large, as the effect of the curvature becomes more pronounced. Earth is a manifold,
and Euclidean-based methods do not account for this different shape.

Data collected in a geographic setting is likely to encounter a host of artificially occurring
boundaries in the form of national or continental boundaries. For example, a country’s borders
may restrict data collection past an arbitrary stopping point, but the actual geographic structure
of the Earth is unlikely to change beyond this point. Countries may only measure events that
happen within their border, but not the phenomena which occur outside of their borders, for
example in neighbouring countries or the ocean. Therefore it is likely that a dataset is truncated
if the dataset originates from data collection confined within one country, making density
estimation difficult. Regions defined by countries naturally span large areas of the Earth, making
the curvature relevant to the task, exacerbating the difficulty for density estimation. Figure 4.1
shows an example of observed storm events in the U.S., which are only observed within the
boundaries of the country due to the data collection process.

To our knowledge, there exists no such work that can perform truncated density estimation
without a Euclidean approximation. In this project, we we seek to modify the existing truncated
score matching estimator (TruncSM, from chapter 3) to account for density estimation on the
manifold. This is not a straightforward task, as the integration by parts used to derive a tractable
objective in prior score matching implementations is not applicable in the case of the manifold.
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Figure 4.1. Observed locations of storms in the U.S. from 2017 to 2020.

Further to this, the distance function in the weighting function are Euclidean distance functions.
Both of these aspects need to be cosidered to be able to achieve the goals of this project.

4.2 Background

The main literature related to this project is related to score matching, section 2.1. This project
is an extension of the work described in chapter 3, there is a significant amount of overlap with
section 3.2. We now summarise other, more specific, relevant literature to this work.

4.2.1 Manifold

Firstly, let us define some notation to distinguish between manifold space and Euclidean space.
Let M be any compact oriented Riemannian manifold, and z € M is a dj;-dimensional vector in
local coordinates. M is embedded into the d-dimensional Euclidean space, R4 whose coordinates
are denoted as & € R

Let u(z) and v(2z) be two continuous twice differentiable real-valued functions on M, with
u(x) and v(x) being extensions of u(z) and v(z) to a neighbourhood N C R™ of M. The
manifold inner product between u(z) and v(z) can be written in terms of %(x) and ¥(x) as

(u(z),v(2))m = (Pu(z), Po(z)), (4.1)

where P is the m x m orthogonal projection matrix onto the m-dimensional tangent hyperplane
to M, for which P = P'T. The gradient of u(2) with respect to z on M is denoted by V pru(z),

36



4.2. BACKGROUND

and we denote its Euclidean counterpart as Vgi(x) = Vzu(x), for which
Vyu(z) = PVgia(x). (4.2)

The Laplace-Beltrami operator is analogous to trace of the hessian matrix, and can be written
in terms of Euclidean coordinates as

Anru(z) = tr {Pvg (PVEﬂ(a:))} . (4.3)
Finally, Stokes’ theorem enables the following integration by parts (Stewart et al., 2020),

Theorem 4.1 (Stokes’ Theorem). Let fi and fo be continuous twice differentiable functions on a
compact Riemannian manifold M, then

MaM B /M(AMf2(Z))f1(Z)dZ * /M<VMf1(Z)ava2(Z)>MdZ'

(4.4)

fi(z)

OM 8n

where n is the unit normal vector.

See, e.g., Lee (2013) or Jost (2008) for a comprehensive overview of Riemannian manifolds.

It is possible that probability density functions on M are defined in terms of either Euclidean
coordinates (p(x; @)) or local coordinates (p(z; 8)). We assume that the true data density is
given by ¢(z), defined in terms of local coordinates.

4.2.2 Spherical Domain

Motivated by geographical data on the surface of the Earth, we primarily consider the unit
(d — 1)-dimensional hypersphere sphere embedded in R, i.e. where M = S~!, given by

1 = fa e RY | [Jal|; = 1},

On the 2D sphere, Euclidean coordinates have components = (z1, z2,23) € R3, whereas
spherical coordinates have components z = (¥, ¢) € S?, where ¥ € [0, 7) is the colatitude and
¢ € [0, 27] is the longitude. Conversion between spherical and Euclidean coordinates is given

by
x = (rcosp,rsin e cos, rsinpsin ),

and conversion from Euclidean coordinates to spherical coordinates is given by
z = (arccos (z1/r) , arctan(xs/x2)), (4.5)

where r = (2% + 23 + ajg)l/z. The projection matrix in this case is P = I3 — zx " (Mardia et al,,
2016). Using this projection matrix, we can expand the Laplace-Beltrami operator equation (4.3)
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on u(z) as follows
Apru(z) = tr{PV L(PVgi(x))}
= tr{PV[(I; — 2z )i(z)]}
= tr {P [Vg(lg — zz " a(z) + (I3 — mT)an(x)] }
— tr {P [—Qa(az)aﬁ + Pan(x)} } . (4.6)

In implementation, we assume an independent and identically distributed dataset given by
either

{zitics = {(s, i) }ics,

drawn from ¢(z), which can be mapped to

{ziti) = {(zi1, 22, 7i3) ey

without loss of generality.

4.2.2.1 Spherical Distributions

We consider two primary probability distributions on S*~! in R?: the Kent distribution and
the von-Mises Fisher distribution. See Chapter 9, Mardia and Jupp (2009) for an overview of
spherical distributions. Note that these spherical distributions are defined in terms of Euclidean
coordinates, z € R?.

Kent Distribution The PDF for the Kent distribution is

d—1

exp{rp’ @+ aj(y] )},
j=1

p(x;0) = Z(/ja)

for £ € R%, 0 = (p, 1, Yo, K, @), and where Z(k, ) is the normalising constant that ensures
p(z; 0) integrates to one (Kent, 1982). Here, p is the mean direction, whilst «; are the axes
which determine the orientation of the probability contours. The concentration parameter, &,
and the ovalness parameters, oj, determine how elliptical the distribution is (Mardia and Jupp,
2009).

The Kent distribution is analogous to the Multivariate Normal (MVN) distribution on R?, and
has similar properties, such as , a;, and ; controlling the shape of the data distribution,
similar to the role of the covariance matrix of the MVN, and the mean direction p being similar
to the mean of the MVN. The Kent distribution is sometimes referred to as the Fisher-Bingham
distribution.
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von Mises-Fisher Distribution The von Mises-Fisher distribution is a special case of the
Kent distribution where o« = 0. It has PDF

p(a;0) = exp{rp' x},

1
Z(K)

for z € R? and @ = (u, k). Here, Z(k) is the normalising constant, y is the mean direction
and « is the concentration parameter (Mardia and Jupp, 2009); all defined the same as in the
Kent distribution.

The von Mises-Fisher distribution can also be considered as analogous to the MVN with mean
p and covariance matrix X = £ 1.

4.2.3 Manifold Score Matching

Let us denote M as a closed oriented Riemannian manifold, such that M is compact and
oriented without any edges or boundaries. Consider, for example, the sphere S?. Mardia et al.
(2016) proposed a variant of score matching that is defined on M¢. Let z € M¢ and z ~ ¢(z).
The manifold score matching objective is given by

Jue(6) = /M 0(2) |[,(2) — b, (2)||* daz, (47)

where 1, (2) 1= Vislogq(z) and 4, (2) := Vs logp(z; ) are the score functions. Like
preceding score matching methods, equation (4.7) is intractable in its current state due to the
unknown quantity 1, (2). Mardia et al. (2016) made use of theorem 4.1 to rewrite the objective,
noting that since M is closed, there is no need for boundary terms and the left hand side of
equation (4.4) is zero. Hence, equation (4.7) can be written (up to a constant) as

Jusu (0) = /M q(z) [(wpe(z),@bpe(z))M + 2A)ps log p(z; 0)]dz. (4.8)

This can be written as an expectation, which does not involve evaluating the unknown data
density ¢(z). See Section 3, Mardia et al. (2016) for details. This step is an analogue to using
integration-by-parts in classical score matching to derive a tractable objective function.

Expectations in the objective function can be replaced with their Monte Carlo approximations
to yield a tractable equation for use in density estimation.

4.3 Truncated Manifold Score Matching

Let us now consider a compact oriented manifold with boundary as Mr, where the boundary is
denoted as OM7. For example, the upper hemisphere of a two-dimensional sphere, S, is given
by

HY = {z € $?|z, > 0}
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and has a boundary, M, given by the equator of S?. Instead of observing data that lie on the
full M¢, we instead observe a subset on Mr, i.e. the support of ¢(z) is the truncated domain
M. In this case, the assumption by Mardia et al. (2016) that the boundary term in equation (4.4)
is zero no longer holds.

4.3.1 Truncated Score Matching Objective on a Manifold

The aim of this section is to extend the approach of Mardia et al. (2016), using methods of
truncated score matching described in chapter 3, to combine truncated and manifold score
matching, which we entitle Truncated Manifold Score Matching (TMSM). Similar to previous
score matching implementations, we propose to minimise the expected squared distance between
the score functions of the statistical model and the data,

Tonisn(6) = /M 0(2)9(2) |y (2) — W, (2)]| da (49)

where the key difference from Mardia et al. (2016) is the integration over My instead of M¢.
Similar to generalised score matching (Yu et al., 2018, 2019, 2021), g(z) is a weighting function,
for which we define the following boundary condition:

lim g(z)q(z) =0 (4.10)

z—z!

where z € My, 2’ € OMyp and z — 2’ takes any point sequence converging to 2’ in account.
This condition is key, but is easily verified by choice of g, which will be a focus in the coming
sections. Along with theorem 4.1, this is used to derive the following theorem.

Theorem 4.2 (Truncated Manifold Score Matching Objective). Given a function g for which
equation (4.10) holds, then Jrysy (@) can be expressed as

Trnisn(6) = /M 9(2)9(2) (W, (2), %, (2)) a1z + 2 /M 4(2)9(2) D yr log p(z; B)dz

T

2 /M 0(2) (Varg(2), by (2)) ez, (411)

where the integration is over Mr, (-, ) ps is the manifold inner product and Ay is the Laplace-
Beltrami operator.

Proof. We can expand out (4.9) to give
Tossa®) = [ a(2)0(2) [ (2) ¥ (211 = 2ty (2). 8, (2) ] 2 + €,

where C; = fMT q(2)g(z)(Vrlogq(z), Vs log q(z)) prda. Note that we can write

/ 0(2)9(2) (W, (2), P, (2)) iz = / 9(2) (4, (2), Vara(2)) mdz,
Mt

M
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due to Vs log q(2) = q(2) "'V rq(2), and therefore

Tossa®) = [ a(2)0(2) [ (2): 93 (211 = 28y (2). Vasa()) e ] 2 + .

Now, noting that theorem 4.1 can be applied to M, and rearranged as

| @uhe). Vs = § p@ o [ ausenne)

BMT MT

and then letting f; = ¢g(2)q(z) and fo = logp(x; ), on our manifold My with boundary
OMr, we have

| o Mtz = § a0 oty
Mr n
- [ (@ulogp(zi0)g()a(z)dz.
Mt
where n is the unit normal vector. By equation (4.10), the boundary term is equal to zero, leaving

/ (Varlg(2)a(2)], 1y, (2))ardz = — / (A log p(z: 8))g(=)q(2)d.
My Mt

Expanding the left hand side via the chain rule and rearranging, gives

/ 9(2)(Vara(2), 9, (2))ardz = — / (Darlog p(z: 0))g(2)q(2)dz
M M

T

- / 2(2) (T 119(2), Wy (2)) 11z
Mt

This can be substituted back into Jrysy (@) to obtain

JTMSM(G)Z/M Q(Z)Q(Z)WPQ(Z),%g(z))de+2/M q(2)g(z)Ap log p(z; 0)dx

T

1o /M 0(2)(Varg(2), ¥, (2)) arde,

which concludes the proof. |

Provided that we have a set of samples, {2;}"_; ~ ¢(z), then using the law of large numbers, a
sample version of equation (4.11) can be written as

jTMSM(O) — Zg ,djpe Zz ,lnbpe (zz M+ — Zg AM Ing(zue)

n

Z<ng(zi)7¢pg(zi)>M
=1

(4.12)
+

SEEN

41



CHAPTER 4. SCORE MATCHING FOR TRUNCATED DENSITY ESTIMATION ON A MANIFOLD

provided that n is sufficiently large, and where v, (2;) = Vs log p(2;; ). The TMSM estima-
tor is given by

~

6 := arg min jTMSM(H).
o

Although the weighting function, g(z), has not yet been specified, we only require a g such
that the condition for which g(z’) = 0 for all 2’ € dM holds, provided it is at least once
differentiable. In section 4.3.3, we propose two distance functions that naturally fulfill this
criteria, and are suited for the sphere.

4.3.2 Score Matching on Spherical Distributions

The score matching approach detailed above is applicable to any manifold on which Stokes’
theorem (theorem 4.1) holds. This includes the unit (d — 1)-hypersphere in R? from which the
probability distributions detailed in section 4.2.2.1 are defined. These distributions are defined
in terms of Euclidean coordinates, i.e. p(x; 6). The TMSM objective requires specification
of the score function, V1, (2), its inner product with itself, (1, (2),%,,(2))n, and the
Laplace-Beltrami operator, Ay log p(z; 0), all in terms of local coordinates. Making use of the
relationship between these operations in Euclidean space and manifold space, via equations (4.1)
to (4.3), we detail the required operations on the von-Mises Fisher and Kent distribution in this
section.

Kent Distribution The score function and its derivative in Euclidean space can be calculated
as

d—1

V(@) = K +2 a7y, © (7] @), (4.13)
j=1

d—1
VY, (2) = 2Zaj7j7;r’
j=1

where © represents elementwise product. Using the formulae for the inner product (equa-
tion (4.1)), gradient (equation (4.2)) and Laplace-Beltrami operator (equation (4.3)), for the Kent
distribution we have

d—1
() = Pk +2 ) 0jy;© (] @) )
j=1

2

)

(W (2): 3y (Dar = (Prept) " (Pripa) +4||P a1 -y (v @) + a2 - 12(v3 @) |

Anrlogp(z;0) = 2tr{P (a1 - v, v] + 2 vovs ) — P, (z)x '}

42



4.3. TRUNCATED MANIFOLD SCORE MATCHING

von Mises-Fisher Distribution The score function and its derivative in Euclidean space are
given by

Y () = K, (4.14)
VE,ltbpg (m) = OdXda (415)

where 044 denotes the d x d matrix of zeros. Using the formulae for the inner product
(equation (4.1)), gradient (equation (4.2)) and Laplace-Beltrami operator (equation (4.3)), for the
von-Mises Fisher distribution we have

Py (2) = P(rp),
(Wpp (@), Wy (@) 21 = (Pript) " (Prip),
Ay logp(x; 0) = —2tr{P,, (x)x'}.

4.3.3 Choice of Weighting Function

The weighting function, g(z), needs to satisfy the criteria that g(z') = 0 V2’ € OMr, i.e. the
function takes zero at the boundary of the manifold. Choice of g(z) is an important topic of
study and will play a key role in the quality of the TMSM estimator.

We take inspiration from the methods proposed in chapter 3, in section 3.2.3, and aim to
define a distance function. However, defining a distance function on the manifold is not as
straightforward as it is for the Euclidean domain. Two propositions of distance functions for S*
are discussed in this section, which are then incorporated into a general weighting function.

Haversine distance For two points on My C S?, defined by z = (¢,9) € Mr and 2’ =
(¢',9) € OMr, the Haversine, or great circle distance, measures the geodesic distance between
these two points along the surface of a sphere, and is given by

dist(z, 2’) := 2rarcsin (Vu)

where

F— V=9
u = sin? <90290> + cos (i) cos () sin? ( 5 > .

Projected Euclidean distance Points on the surface of the sphere, e.g. x, ' € R? can be
projected on a two dimensional plane in R? via setting the j’-th coordinate to a fixed constant
(in practice, we can set it to zero). The corresponding two-dimensional Euclidean distance will
be measured on this plane. See Figure 4.2 for a visualisation of this method.

Let . = Proj(z), where Proj is a function that defines the projection from the sphere to the
2D Euclidean plane, then for two projected points ., x/, € R?, the distance function is given

by
dist(z, 2') := ||Proj(z) — Proj(2')||l2 = [z — x¢|2.
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Figure 4.2. Two visualisations of the Euclidean projection, projecting across a different axis
(fixing a different coordinate to zero), with simulated points from a von Mises-Fisher distribution.
A hemispherical boundary is visualised in red, with some unobserved points in black and
observed points in blue. The projected Euclidean distance is calculated on the projected 2D
plane.

The gradient is easily defined as

0, dist(z, 2/) = —I 0 yie {1,...,d}\{j'}
|ze — CCe”2

and O, dist(z, 2’) = 0, because the j'-th coordinate was fixed to a constant. Here, z. ; denotes
the j-th element of ., and . ; denotes the j-th element of x., which is the corresponding
projection point of x.; the closest point on the boundary to x..

Weighting function Provided that a distance function is defined, we define the weighting
function by the shortest distance from a point z to the boundary 0 My, given by

= min dist N.
g(z) = min dist(z,2)

In the case of the projected Euclidean distance, the boundary itself would also need to be
projected into the Euclidean space. For any distance function, this weighting function naturally
satisifes the boundary condition required by TMSM detailed in equation (4.10).

4.4 Experiments
We focus on truncated domains on the sphere S? in R?, as this manifold covers many important
applications in geological or earth science applications where the datasets are collected from a

truncated region on a the Earth.
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Figure 4.3. Simulated experiments for TMSM.

4.4.1 Illustrative Example

We start with a synthetic data experiment, where data are simulated from a von Mises-Fisher
distribution and Kent distribution using a rejection sampling algorithm, as recommended
by Wood (1994). For the first example, we simulate n truncated samples from a von Mises-
Fisher distribution with an unknown true mean direction := p* = (7/2, 7) and an unknown
concentration parameter x* = 6, where the truncation boundary is at a constant value of
colatitude . The aim of the experiment is to produce an estimate, 8" := (f, &) of 0* := (u*, K*),
the mean direction and the concentration parameter. Figure 4.3(a) shows the results of this
example using the two different weighting functions proposed in section 4.3.3, compared to a
naive MLE implementation which does not account for truncation. Both estimates of the mean
direction lie roughly in the correct location, close to ™.

The second example is a similar experiment, where samples are instead simulated from the Kent
distribution with an unknown true mean direction p* = (7/2, ) and a known concentration
parameter, k* = 10, and ovalness parameter, o* = 3. The aim of this experiment is to produce
an estimate 0 := [ of 0 := [1, the mean direction only. Figure 4.3(b) shows the results of this
experiment. Similarly, the mean directions estimated appear close to the true value.

These plots serve as an example of the full capability of the method; even with half of the
observations missing, the estimates of the proposed methods are closer to the true mean
direction than MLE.

4.4.2 Estimation Accuracy

We repeat experiments, similar to those presented in section 4.4.1, across different setups. For
each trial, we simulate and truncate samples until we have n truncated samples, simulated from
either the von Mises-Fisher or Kent distribution. The truncation boundary in this case is the
upper hemisphere, i.e. M = H*, where only datapoints for which ¢ > 7/2 were observed.
Across different values of sample size n, figure 4.4 shows the root mean squared error (RMSE),
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Figure 4.4. Mean estimation error and standard deviation against sample size n, on a log scale,
from 512 trials for each method.

given by

The three experiments are summarised as follows. First, we calculate the RMSE between the
true mean direction, 8 := p*, of the von Mises-Fisher distribution with a known concentration
parameter k, and the corresponding estimates 0 := ft. The second experiment is the estimation
of 8* := [u*,x*]", and the RMSE is reported between x* and &. Finally, given a known
concentration parameter x and ovalness parameter «, the RMSE is calculated between the true
mean direction, 8* := p* of the Kent distribution and the estimates 0 := [.

These estimates are compared across three methods: TruncSM (chapter 3), with a multivariate
Normal assumption!, our method Truncated Manifold Score Matching (TMSM), with either the
Haversine or projected Euclidean distance, and MLE for a baseline.

As expected, in all cases the estimation error decreases as sample size increases, indicating
empirical consistency. Comparing the two distance functions for g(z), both give near identical
results across all benchmarks. Our method achieves comparable performance to TruncSM in
the most cases, and outperforms it when « is also estimated. This is also expected as TruncSM
incorrectly assumes a Euclidean domain.

4.4.3 Storm Events in the U.S.

Consider an application where the task is to estimate the probable locations of extreme storm
events in the U.S., with dataset given by National Climatic Data Center (2022). Whilst storms
are not restricted to land, observations of these events only happen on land and within the

"Whilst the TMSM methods can estimate r directly, for TruncSM we let pty5y = M, i.e. the mean of the MVN
distribution is the mean direction of the von Mises-Fisher distribution in polar coordinates, and Xy = kg, ie.
the covariance matrix of the MVN is isotropic. In this case, we treat ! as the precision parameter and estimate it
directly with TruncSM.
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Figure 4.5. Observed storms as recorded by the U.S. from 2017 to 2020, with a kernel density
estimate contour of storm origin locations over the Atlantic ocean.

country’s borders. Furthermore, the large area spanned by the U.S. is significant enough that
the curvature of its surface will affect any estimation, highlighting the need for considering
density estimation on a truncated manifold.

We hypothesise that more storms are likely to occur on the East Coast of the U.S., and spread
across the land from there. We assume there is a true storm ‘centre’ where most storms will be
spread out from beyond the country’s eastern border (Oliver, 2008).

Assuming the data can be modelled accurately by a von Mises-Fisher distribution, we produce
an estimate of the mean direction, 0 :— [t. The estimates 0 for both MLE and TMSM are given
in Figure 4.5. Included in the figure is a kernel density estimate of storm points of origin, which
are calculated via a post-storm analysis, after a storm is observed Landsea and Franklin (2013).
Unsurprisingly, we see that 0 given by MLE is at the center of the dataset, whereas the truncated
manifold score matching estimate is further South East, closer to the storm origins.

4.5 Conclusion

This work can be considered an in-depth study in applying the methods presented in Liu et al.
(2022), i.e. chapter 3, to a Riemannian manifold with boundary. The extension from manifold
score matching (Mardia et al., 2016) to this method, truncated manifold score matching (TMSM),
has produced a score matching method which is applicable to a compact and oriented Riemannian
manifold with boundary. The objective function was made tractable by an application of Stokes’
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theorem, and requires a weighting function to satisfy a necessary boundary condition. This
weighting function is pivotal, and we proposed two choices for the specific application of the
two-dimensional sphere, S?, embedded in R3. Through empirical experiments, we showed
that these weighting functions provided comparable results to one another and effectively
estimated parameters of two spherical distributions: the von Mises-fisher distribution and the
Kent distribution. We also compared the method to a naive MLE implementation (without
accounting for truncation) and TruncSM (which uses a Euclidean space assumption), for which
TMSM had higher accuracy than both methods. A further application was presented on severe
storms in the U.S., in which the score matching estimator gave a mean direction estimate lying
on the East Coast, where the bulk of the storms originated.

A fully packaged implementation in R, with examples and a tutorial, can be found at the GitHub
repository https://github.com/dannyjameswilliams/truncsm.
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CHAPTER

APPROXIMATE STEIN CLASSES FOR TRUNCATED DENSITY
ESTIMATION

5.1 Introduction

Suppose we wish to estimate a density model for paper submissions at an academic confer-
ence. By definition, we can only observe the accepted papers but not the rejected ones. The
distinguishing factors between accepted papers and rejected papers form a boundary between
acceptance and rejection, which is difficult or even impossible to define without knowing the
true underlying criteria. However, we can easily identify borderline submissions from the lowest
review scores in the observed dataset, which can be seen as samples from the boundary. This is
an example of truncated density estimation where the truncation effect (the functional form of
the boundary) is unknown.

The methods presented in the thesis so far, in chapters 3 and 4 (Liu et al., 2022; Williams and
Liu, 2022), and other bounded-domain density estimation methods, e.g. Xu (2022); Yu et al.
(2021), require a weighting function which measures the distance from a given data point
to the boundary which is chosen in advance. The computation of this distance function can
be challenging when the boundary is complex and high-dimensional. When the functional
form of the boundary is unknown, and we only have access to a finite set of boundary points,
this distance function is also unknown. With only a finite set of boundary points, no existing
methods can utilise this information to perform truncated density estimation. Our aim is to
derive a method that provides comparable results to prior works which do have access to a
functional form of the boundary, but with only using this set of boundary points. This method
should be a more flexible approach to truncated density estimation than existing methods.

Our work proceeds as follows. We first define approximate Stein classes and a corresponding
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(a) An example where the shape or functional form of the boundary is not always apparant nor accessible, but can
be inferred from the dataset.
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(b) An example where we only have access to a set of boundary points that give us information towards the shape
of the boundary. In this case, we access the truncation boundary of the U.S. through a set of readily available
coordinates.

Figure 5.1. Some scenarios where the form of a truncation boundary is unknown or unavailable.

Stein discrepancy. In the truncated setting, we refer to such a discrepancy as a Truncated
Kernelised Stein Discrepancy (TKSD), which is computationally tractable with only access to
points on the boundary. By minimising the TKSD, we obtain a truncated density estimator
when the boundary’s functional form is unavailable. In experiments, we show that despite
the approximate nature of the Stein class, density models can be accurately estimated from
truncated observations. We also provide a theoretical justification of the estimator consistency.

5.2 Background

The task of this chapter is truncated density estimation and therefore unnormalisable density
estimation, which is summarised in chapter 2. The main literature related to this project is
related to Stein discrepancies, section 2.2, specifically the Stein identity, given in definition 2.1.
In experiments, we compare with the methodology from chapter 3; or Liu et al. (2022). The
remainder of this section first gives a brief reminder of Stein identities and Stein classes, and
then a more detailed overview of bd-KSD (Xu, 2022), which was discussed briefly in section 2.2.
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5.2.1 Stein Classes

Recall definition 2.1, which states that a function family F d is a Stein class if, for any f : R? —
RY, f € F4,

Eq[Sqf(x)] =0 (5.1)
for a Stein operator S, : F¢ — R, defined for some probability density q() (Gorham and
Mackey, 2015). We refer to equation (5.1) as the Stein identity. From the Stein identity, Stein
discrepancies are defined between two densities ¢(x) and p(x; ) (Barp et al., 2019), given by
sup Ey[Sp, f(x)].
feFd
When the Stein class is an RKHS, this maximisation has a closed form solution, which gives rise
to the Kernelised Stein Discrepancy (KSD) (Chwialkowski et al., 2016; Liu et al., 2016), given in
equation (2.11), and minimising the KSD .

5.2.2 Bounded-Domain KSD (bd-KSD)

Motivated by performing goodness-of-fit testing on truncated domains, Xu (2022) propose a
modified Langevin Stein operator, given by

Tpon9(® Z%e,g (@) + 0z, (g;(x)h()) (5.2)

for g € G¢, an RKHS, where h(m) is a weighting function which is constructed so that the
boundary condition,

lim g(x)h(z) =0

T—x

is satisfied, for ' € JV. For example, any function for which h(z’) = 0 V&' € JV satisfies
this criteria by definition. This boundary condition is required so that the integration by parts
in deriving Stein identity (equation (5.1)) holds.

The bounded-domain Kernelised Stein Discrepancy (bd-KSD) is defined by replacing S,, in the
kernelised Stein discrepancy with 7,,, 5. Making this modification, then the Stein discrepancy
between ¢(x) and p(x; 0) gives the bd-KSD objective, given by

Joa-xsp(0) 1= sup Eq[Tpg ng(x)] = [Eq[Tpg,nk (2, )]llga, (53)
geg?

which is a closed form objective function. One can use equation (5.3) for goodness-of-fit testing,
to measure the difference between a model density p(x; @), and its counterpart data density
q(x). Alternatively, this setting can be modified to allow for truncated density estimation, since
equation (5.3) can be minimised with respect to the parameter vector 8. The density functions
admitted are not required to have a tractable normalising constant, as the densities only appear
through the score function.

The authors recommend a weighting function, h, given by a distance function, similar to
chapter 3. For example, if the truncated domain is the unit ball, one can set h(z) = 1 — ||z||°
for a chosen power b.
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5.3 Approximate Stein Classes

Let the support of the data density, ¢(), be a truncated domain V' C RY, whose boundary
is denoted by QV. So far, previous works have assumed a functional form of AV, so that a
weighting function can be precisely designed and Stein’s identity holds exactly. In our setting,
the functional form of the truncation boundary is unavailable, making the design of a Stein
class infeasible; we cannot design a class of functions with appropriate boundary conditions
that satisfy Stein’s identity exactly, i.e. equation (5.1) will never hold. However, the truncation
boundary is known to us approximately as a set of boundary points, and so we can design a
class of functions within which Stein’s identity holds ‘approximately’, as we will show below.

We begin by first defining an approximate Stein class, which is a more relaxed Stein class of
functions for which the Stein identity holds in an approximate sense. From this we also define
an approximate Stein identity.

Definition 5.1 (Approximate Stein Identity). Let g(x) be a smooth probability density function
onV C RY. Fd is an approximate Stein class of q(x) if for all £ : RY — R?, f € Fd,

Equ(m) [Sq,mf(w)} = Op(em), (5.4)

where €,,, is a monotonically decreasing function of m, and S ;, is a Stein operator that depends
on m in some way. Op(&,,) denotes a sequence indexed by m which is bounded in probability

by e,

We denote equation (5.4) as the approximate Stein identity, and the approximate Stein class .7::7‘%
can be written more simply as

Fh={f:VoR|ESgmf(2)] = Op(em)}- (5.5)

The classical Stein class of functions given by equation (5.1) requires Stein’s identity to hold,
whereas this approximate Stein class equation (5.5) defines a set of functions for which E,[S m f ()]
is bounded by a decreasing sequence indexed by m. Similarly to the classical Stein discrepancy,
we propose the use of the Langevin Stein operator. We aim to show this is a flexible class which
can be used across various applications, of which we provide two examples below.

Example: Latent Variable Models. Kanagawa et al. (2019) presented a variation of Stein
discrepancies for testing the goodness-of-fit of models with unobserved latent variables z,
where the density of « is given by ¢(z) = [z4 q(x|2)q(z)dz, and thus the score function can
be written as

 Vealw) [ Velg(elza) alelz)

Y@ =Gy T S a@ o)
_ [ a=[z)a(z) [Vza(z(2)]
- L [q<m|z> ]d
- /R a(=[) Vi logg(]2)dz

= Ez~q(z\m) [¢q($|z)]> (5-6)
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where 1y (x|z) = Vglogg(x|z). To evaluate the expectation over ¢(z|x), Kanagawa et al.
(2019) recommend approximating each element with a Monte Carlo estimate

1 m
B, q(zlz) [Vqi(x]2)] = p- > g (®@lzi) + Op(em), (5.7)
=1

where v, j(x|z) = 0., log q(x|z) and we assume we have access to m samples {z;};"; ~
q(z|x), and Op(ey,) is the Monte Carlo approximation error which decreases as the number of
samples on the boundary, m, increases.

We show that this existing modification of Stein discrepancies give rise to an Approximate
Stein Class. Suppose f € F?, where F is a regular Stein class. Stein’s identity with the score
function from equation (5.6) can be written as

d
By Tof (2)] =By | Y g () fi() + Ox, f5()
Jj=1
=E, [EZNq(Z\m) [1/1117j(:13|z)] I () + a:c,- fi (m)] .

Substituting equation (5.7) into the above gives

E[Tf @) = E, { (; > g llz) + op<sm>> fiw) + 6xjfj<m>}

=1

=E, {; S o (@lz) () + s, () + OP(Em)fj(w)}
j=1 i=1

d m
= E, Z{;qu,j<w|zi>fj<m>+axjfj<w>} +Op(em)

where equality (a) follows from the fact that the error in the Monte Carlo approximation
is accounted for by the Op(s,,) term, and equality (b) follows by definition of ¢ being a
Stein class. Therefore, E,[7,f(x)] = Op(enm), and this latent variable modification uses an
Approximate Stein Class.

5.4 KSD for Truncated Density Estimation

Let ¢(x) be a smooth probability density function with truncated support V' C R? with
boundary V. When ¢(x) has a truncated support, G is not a Stein class. To show this, let

53



CHAPTER 5. APPROXIMATE STEIN CLASSES FOR TRUNCATED DENSITY ESTIMATION

g € G, then Stein’s identity can be written as
[Tg( / <Z'¢p9, +8xlgl( ))d
d
> {/ Oz, q(z) gi(x)dz + / q(x )axlgz(m)dw}

=1

l 1{ (e )dS—/‘/Q(x)axlgl<x)d$+/Vq($)axlgl(aj)dm}

d
- 7@ 1) 3 ale)ite)ds (58)

where ¢, is the surface integral over the boundary OV, ity (), . . ., tg(x) are the unit outward
normal vectors on OV and ds is the surface element on OV'.

I
M&

To satisfy the Stein identity, equation (5.8) must equal zero. In the untruncated setting, equa-
tion (5.8) is zero due to the boundary condition on ¢(x), but in the truncated setting the density
is significantly nonzero on the boundary at V. Prior methods such as Xu (2022) choose a
pre-defined weighting function for which equation (5.8) is exactly zero at the boundary.

We instead aim to show that equation (5.8) is O p (&, ) under an approximate Stein class, detailed
in the remainder of this section.
5.4.1 Approximate Stein Class for Truncated Densities

Let us first consider a setting where the boundary 0V is known analytically. Define a modified
product RKHS as

Gy ={g€ g’ | g(a') =0va' €0V |g[g. <1} (5.9)
Lemma 5.2. Let g(x) be a smooth density supported on V. For any g € G&, then

E,[To9()] = 0. (5.10)

For proof, see section 5.8.1. Similar to the classical Stein identity, the proof follows from applying
a simple integration by parts. In essence, provided the conditions in G hold for the function
g, then equation (5.8) is zero. Therefore lemma 5.2 shows that Qg is a proper Stein class of g.
Gd defines a large class of functions, for which the proposed operator by Xu (2022) given in
equation (5.2) is one such example of a function from this family.

Let us now consider the setting where 0V is not known exactly. The information about the

boundary is provided by oV = {!,}7"_,, a finite set of points randomly sampled from 9V
Define

G =190 | g(@)=0va' €V, |g|3. <1}, (5.11)
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which can be considered as an approximate version of G§ using the finite set 9V The benefit of
using gg{m over G¢ is that this class can be constructed using only ‘partial’ boundary information,

i.e., OV, without knowing the explicit expression of 9V

First, we show specific properties of the relationship between Q&m and GJ.

Lemma 5.3. Letg € gg andg € ggym. Assume that OV is em-dense in OV with some probability.
Further assume that g; and g; are C-Lipschitz continuous foralll =1,...,d. Then

91(2") = Gi(2")| = Op(em)

forany ' € V.

For proof, see section 5.8.2. The proof follows from applying the Lipschitz continuous property
on g; and §; and then the triangle inequality. Lemma 5.3 establishes a connection between G
and gg’m, relying on the assumption that 9V is em-dense in V. We now show under some
mild conditions this assumption holds with high probability.

Proposition 5.4. Assume {x}}" | are samples drawn from the uniform distribution defined on
OV. Let (V') denote the (d — 1)-surface area of a bounded domain V. C R% and (V') < co. Let

B.,, (x') denote a ball of radius e, centred on «’, and let £(d) = Wd/Q/F(% + 1). For all &, such
that 1d
L(V) 1
m > =21 —0.05Y /™ . 5.12
> (g | ) o1
we have

P (5‘7 is €, -dense in 8‘/) = 0.95.

For proof, see section 5.8.3. Equation (5.12) shows the relationship between m and ¢,,, which
corresponds to how ‘close’ 9V is to OV'.

Remark 5.5. Our numerical investigation (section 5.5.3) shows that the bound on €, as defined
in equation (5.12), is a decreasing function of m, and is not sensitive to the value of L(V').

Proposition 5.4 shows that lemma 5.3 holds with high probability, which in turn enables us to
show that indeed gg’m is an approximate Stein class.

Theorem 5.6. Assume the conditions specified in lemma 5.3 hold. Let q(x) be a smooth density
supported on V. For any g € gg,m, then

Eq[Tag9(x)] = Op(em). (5.13)

The proof can be found in section 5.8.4, and follows from integration by parts, then applying
lemma 5.3. This result shows that Q&m is an approximate Stein class, which paves the way for
designing a new type of Stein divergence that measures differences between two distributions
when their domain V is truncated.
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5.4.2 Truncated Kernelised Stein Discrepancy (TKSD) and Density
Estimation

Let g(x) and p(zx;0) be two smooth densities supported on V. We can construct a Stein
discrepancy measure, called the truncated Kernelised Stein Discrepancy (TKSD), given by

Jrksp(0) :== sup Eq[%eg(w)]' (5.14)

9EGE 1m

Similarly to classical SD and KSD, TKSD can still be intuitively thought as the maximum
violation of Stein’s identity with respect to an approximate Stein class ngm. It can be used to
distinguish two distributions when their domain V' is truncated, but the boundary is not known
analytically.

Jrksp(0) serves as the discrepancy measure between densities, for which, we propose to
estimate a truncated density function by minimising this discrepancy. This is not straightforward
as the supremum in equation (5.14) is a constrained optimisation problem with constraints
given by those in the definition of gg{m. However, we can show that there is an analytic solution
to this constrained optimisation problem by solving it as a Lagrangian dual problem, given in
the following theorem.

Theorem 5.7. Jyxsp(0)? can be written as

d
> Eomsto)Eymato) [1(@,9) ~vi(@) (K)vi(y)] (5.15)
=1

where u;(x,y) is given by

Ul(m, y) = wpe,l(:n)q/]pe,l(y)k(w? y) + wpe,l(w)aylk(wa y)
+ V1 (Y) Oz k(2. y) + Or, Oy k(. y), (5.16)

vi(z) = @ZJpJ(z)qblx, + (02 0ex) s oo = [k(z, @), ... k(2,,)] is a vector of kernel
evaluations on boundary points, ¢, = [k(x!,-),... . k(z!,,)]" and K' = ¢ p],.

The proof can be found in section 5.8.5. This result gives a closed form solution to the supremum
in Jyrksp(0) for which the constraints in gg’m are enforced on a finite set of points in R,
Intuitively we can note that equation (5.15) can be decomposed into the ‘KSD part’, given
by the w;(x, y) term, which is identical to equation (2.12), and the ‘truncated part’, given by
vi(x) T (K")~'v;(y), which comes from solving for the Lagrangian dual parameter.

Next, we show that the TKSD can be approximated with samples from ¢(x).
Theorem 5.8. Let {x;}]" ; be a set of samples from q(x), then
2 n n
Jrksp(0)” = ————= "> " h(wm;,x)), (5.17)
n(n—1) i=1 j=1
i#]
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is an unbiased estimate of Jrxsp(0)?, where

d

h(wi, ;) = > w(zi, @) — vi(a:) " (K) " 'vi(y), (5.18)
=1

assuming that Eg g (2)Eymy(a) [h(,y)?] < 0.

The proof follows directly from the definition of a U-statistic (Serfling, 2009). Additionally, we
could define a biased estimate of Jr«sp(0)? via a V-statistic

~ 1 n n
Jrsn(0)% = EZZh(a:i,mj). (5.19)
i=1 j=1

The U-statistic and V -statistic for TKSD allow us to evaluate Jyxsp (8)? via n samples from g ().
In empirical experiments, the V -statistic seems to give better performance overall compared to
the U-statistic.

Finally, we define our proposed estimator for unnormalised truncated density by minimising
Jrksp(0)? over the density parameter 6.

émm := arg min jTKSD(0)2. (5.20)
6

In the next section, we study the theoretical properties of equation (5.20).

5.4.3 Consistency Analysis

In this section we aim to show that TKSD is a consistent estimator for large values of m. Since
Jrxsp(0)? is a function of m, for the simplicity of the theorem, let us study equation (5.20) at
the limit of m. Let L(0) := lim,, 00 Jrksp(0)? and define

0, := argmin L(0).
0

We now prove that 0, converges to the true parameter under mild conditions:

Assumption 5.9 (Accurate Boundary Prediction). Let
tim By (g [Vori(u) Tl]og. | € RO,
() i= By [(pho[Vorpu() g_p: | € R,

Assume the following holds:

MW Q(m)¢w,x’(K/)_1tﬁl($)d8:| = [év q(m)t(m)ﬁl(m)ds} +Op(Em),

i i (5.21)
Vie{l,...,dim(@)},l € {1,...,d}
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where &,,, is a positive decaying sequence with respect to m and lim;;, o €5, = 0.

One can see that ¢, ,,(K') "'t is the kernel least-square regression prediction of ¢(z’), for a
' € 9V. Assumption 5.9 essentially states that the least squares ‘trained’ on our boundary
samples, {},}1"_,, should be asymptotically accurate in terms of a testing error computed over
a surface integral as m increases.

Assumption 5.10. The smallest eigenvalue of the Hessian ofﬁ(@) is lower bounded, i.e.,
)\min [V%E(o)} 2 Amin >0
with high probability.
In fact, we could make the same assumption on the population version of the objective function,

and the convergence of the sample hessian matrix would guarantee that assumption 5.10 holds
with high probability. To simplify our theoretical statement we stick to the simpler version.

Theorem 5.11. Suppose there exists a unique 0* such that ¢ = pg+, assumption 5.9 and assump-

tion 5.10 hold, then
A 1
0, -0 =0p— ).
16, — 6" = O ( W)

For proof, see section 5.8.6. This result shows that although TKSD is an approximate version of
KSD, the density estimator derived from TKSD is still a consistent estimator. We empirically
verify this consistency in section 5.5.4.

5.5 Supporting Experiments

Before testing the method on various real-world style examples, we first show empirical results
which confirm some of the key results outlined in section 5.4.

5.5.1 Experimental Details

The following information is relevant to all the experiments in this section.

Computational Considerations We first give some computational details on TKSD, the
following information is related to the model selection process, the scalability of the method
and a few implementation ‘tricks’ to improve efficiency of the method.

« TKSD requires the selection of hyperparameters: the number of boundary points, m, the
choice of kernel function, &, and the corresponding kernel hyperparameters. For this
work, we focus on the Gaussian kernel, k(x,y) = exp{—(20%)~!||z — y||?}, and the
bandwidth parameter o is chosen heuristically as the median of pairwise distances on
the data matrix.
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« The inversion of K’ is the largest computational expense when it comes to evaluating
the U-statistic or V-statistic ((5.18) and (5.19) respectively). Since K’ is an m x m matrix,
there is a trade-off between accuracy (larger m) and computational expense (smaller m).
In experiments, we let m scale linearly with d?.

For computationally simplicity we often invert K’ + €I, instead, where € > 0 is small.
Additionally, K’ + €I, is symmetric and positive definite, so we can exploit its Cholesky
decomposition to make the inversion faster and more stable.

Overall, this inversion looks like
(K/)—l ~ (K/ + EIm)_l — L_I(L_I)T,

where L is the corresponding lower triangular matrix from the Cholesky decomposition of
K’ + €I,,,. The inversion of L, a lower triangular matrix, requires half as many operations
as inverting K + €I, directly (Krishnamoorthy and Menon, 2013).

» We make use of methods presented in Jitkrittum et al. (2017) for fast computation when
constructing all kernel matrices in Python.

Methods Across this section and section 5.6, we will be consistently comparing the following
methods

« TKSD: our method as described in section 5.4, using a uniformly randomly sampled V.

» TruncSM (exact): the implementation described in chapter 3 (Liu et al., 2022), where the
distance function is computed exactly using a known boundary.

+ TruncSM (approximate): the implementation described in chapter 3 (Liu et al., 2022) with
distance function approximated by

min ||z — |2, (5.22)
x'edV

for each dataset point x. v and « can be chosen based on the application, for which we
use v = 1 and o = 2. This method uses the same corresponding AV as given to TKSD.
This may not provide an accurate approximation to the true distance function when m is
small. This method is likely used when the boundary’s functional form is unknown.

« bd-KSD (exact): a variation of the implementation by Xu (2022) for density estimation,
where the distance function is computed exactly using a known boundary.

« bd-KSD (approximate) a variation of the implementation by Xu (2022) for density estima-
tion, where the distance function is approximated via equation (5.22). The same criteria
as above apply.
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Figure 5.2. Contour lines of the estimated g; output by TKSD across different values of m and
differently shaped truncation boundaries: the £! ball (top), the £2 ball (middle) and a heart shape
(bottom). Red points are all m points in dV and grey points are samples from the truncated
dataset. Note that we plot only the first dimension of g (i.e. g1), but we observe the same pattern
with the second dimension.

5.5.2 Empirical Convergence of gto g

In lemma 5.3 we proved that under some conditions, for any g € G and g € gg{m, both
evaluated on &’ € 9V, the difference between these evaluations is bounded in probability by a
decreasing sequence of m with high probability. In this section we aim to show that g converges
to a specific function as m increases, which we hypothesise is the ‘true’ g € gg.

Figure 5.2 demonstrates empirical convergence of g as m increases for a given dataset. The
experiment is setup as follows: we simulate points from a (02, I2) distribution (a unit Multi-
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Figure 5.3. Lower bound on ¢, (given in equation (5.12)) against m, the number of finite
boundary points, plotted for different values of fixed dimension d and boundary ‘size’ L(V),
which scales quadratically.

variate Normal distribution in 2D), then truncate data points to within the shape of the boundary
based on location, and repeat until we acquire n = 150 truncated points. For each value of m,
we minimise the TKSD objective to estimate 6 := 0o, the two-dimensional vector of zeros, and
plug in the estimated 6 to the formula for g.

For lower values of m, there are not enough boundary points to enforce the constraint well on g,
and the approximate Stein identity has a high error, and the estimator is poor. The evaluations
of g across the space do not match the g output for higher values of m. As m increases, g begins
to converge to a particular shape, and the difference between function evaluations for m = 150
and m = 300 is small.

5.5.3 Evaluating increasing values of m in proposition 5.4

In figure 5.3 we show that ¢,,, as defined in proposition 5.4, is bounded below by a decreasing
function of m. In this example, we plot the value of the lower bound in equation (5.12) against m,
the number of samples on the boundary set, and L(V), the (d — 1)-surface area of the bounded
domain V, which can be considered as a proxy to measure the complexity of the boundary.

We let L(V') scale quadratically with dimension d, and treat it as a constant. m scales linearly,
and measure the effect on the lower bound of ,,,. As (V) increases, the bound on ¢, increases
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Figure 5.4. Mean estimation error as either m or n increase.

slightly. As m increases, the bound on ¢,,, decreases rapidly. Even at extremely high values of
€m, relatively small values of m are required to shrink the bound. This result highlights how
to choose m in experiments - as m increases, the ‘denseness’ of é\{/ in 0V also increases, as
expected. Whilst larger values of m will always be better, there is a less pronounced effect when
m becomes significantly larger than zero. As discussed in section 5.5.1, larger m comes with
computational cost, and therefore this experiment shows that it may be beneficial to choose
smaller values of m. This is explored further in the following section.

5.5.4 Empirical Consistency

We verify that (5.20) is consistent estimator via empirical experiments. Note that for consistency
as proven in theorem 5.11, we require taking the limit as m — oo, after which the estimator
is consistent for n. We show consistency as m and n increase empirically in figure 5.4, for a
simple experiment setup, similar to the setup from section 5.6.2. We simulate a set of n samples
given by {x;}"" ;, where each data point is sampled as follows. First,

€T; ~ N(IJ‘*7 IQ);

where p* = [0.5,0.5] T, and I5 is considered known. This sample is discarded if it is outside of
the ¢2 ball, i.e. the domain
V={z| [z, <1}.

We repeat the process of sampling and potentially discarding until we reach n truncated samples.

The aim of the experiment is to produce an estimate, 6 := f1, of the mean, * := p*. Averaged
over 64 trials, figure 5.4 shows plots of the mean estimation error, given by ||§ — 6|, for the
three different methods. If the estimation error decreases, this indicates the estimate converging
to the true value. In figure 5.4(a), we show that as both n and m increase, the estimation error
for TKSD decreases towards zero. In figure 5.4(b), for a fixed m, we show that the rate of
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Figure 5.5. Quantification of effect of distribution of boundary samples, for three types of
skewed boundary samples: towards the centre, away from the centre and uniformly distributed.

convergence as n increases for TKSD matches that of bd-KSD and TruncSM. Similar to the
experiment in section 5.5.3, figure 5.4(a) shows that as m becomes significantly larger than zero,
there are diminishing returns on estimation accuracy.

5.5.5 Quantifying Effect of Boundary Point Distribution

We test whether the effect of boundary point sampling distribution has an effect on the robust-
ness of TKSD. With the exception of proposition 5.4 (which assumes uniformity of boundary
samples), we make no assumption on the distribution of samples from the boundary in deriving
the theory for TKSD. However, we hypothesise that these samples need to be ‘representative’
in some way of the full boundary 0V'. To test this hypothesis, consider an experiment setup
where ng = 400 samples are simulated via

{z}i2) ~ N(p", 1),

where u* = [1,1]7. Any samples outside of the unit £ ball around the origin are discarded.
Those samples that remain are used for estimating the parameter 6* := p*. We let m = 30 be
fixed, and use TKSD to prduce an estimate 8 := fi under three scenarios:

1. Distributed towards p* Boundary points are distributed towards p*, i.e. samples from
OV are closer to the centre of the dataset.
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2. Distributed away from p* Boundary points are distributed away from p*, i.e. samples
from OV are closer to the edge of the dataset.

3. Uniform Boundary points are sampled uniformly across 0V

Figure 5.5 shows the results of this experiment: figure 5.5(a) gives a visual representation of the
three scenarios, and figure 5.5(b) shows the estimation errors, given by [|@ — 6* ||, across 512
trials. These are shown individually for all three scenarios described above. The aim for this
experiment is to test whether one scenario provides a lower error on average overall.

Scenario 1 and 3 provide comparable error distributions which are skewed towards lower values
of estimation error. Scenario 3 has a broader range of estimation errors, and on average has
higher estimation errors. This implies that estimation performance is improved if either the
boundary is ‘covered’ fully, or the boundary samples are representative of where the truncation
effect is most significant.

5.6 Synthetic Experiments and Benchmarks Results

To show the validity of our proposed method, we experiment on benchmark settings against
TruncSM and an adaptation of bd-KSD for truncated density estimation.

5.6.1 Density Truncated by the Boundary of the United States

Let us consider the complicated boundary of the United States (U.S.). Let V' be the interior of
the U.S. and let OV be a set of coordinates (longitude and latitude) which define the country’s
borders. The boundary of the U.S. is a highly irregular shape, and as such, there is no explicit
expression of the boundary in this case. TruncSM and bd-KSD must use an approximate distance
function (given by equation (5.22)), whereas TKSD can readily use the set of coordinates that
give rise to the boundary.

The experiment is set up as follows. Let % := p* = [—115,35] and ¥ = 10 - I;. Samples
are simulated from N (u*, X) and those samples which are outside of the interior of the U.S.
are discarded. We repeat sampling until we reach n = 400 points. Assuming ¥ is known, we
estimate 6 := [t using TKSD and compare it to the same estimation using TruncSM. We also
vary m by uniformly sampling from the perimeter of the U.S., demonstrated in figure 5.6(a).

Figure 5.6(b) shows the mean and standard error of the estimation error between 8* and 0,
measured over 256 trials for each value of m. TruncSM improves with higher values of m as the
approximate distance function increases in accuracy, whilst TKSD performs significantly better
with fewer boundary points.
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(a) Example of increasing the number of boundary points m.

—¢— TKSD
—4—  TruncSM
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(b) Mean estimation error with standard error for TKSD and TruncSM as m increases, averaged
across 256 trials.

Figure 5.6. Density estimation when the truncation boundary is the border of the U.S.

5.6.2 Estimation Error Across Dimension

Consider an experiment setup where samples are restricted within the ¢¢ ball of radius r, i.e.
the domain is given by

V={z||z|. <r}.

Samples are simulated from N (u, I ), where 8* := p* = 1, - 0.5, and those samples outside
of the /. ball are discarded. We repeat the process of sampling and then potentially discarding
until we reach n = 300 samples.

The experiment is repeated for ¢ = 1 and ¢ = 2, for which we choose radii values of 7 = d*-%
and r = d°-3 for the ¢! ball and ¢? ball respectively. These values were chosen via trial and error
such that the percentage of points simulated from the given Normal distribution remaining after
truncation did not vary significantly across dimension. These percentages are plotted across
different values of d in figure 5.8.

o — 0*||2, as d increases. Each
boundary point &’ € 9V is simulated from N'(0g4, I;), normalized by ||’
r, resulting in a set of random points on the boundary.

We estimate 0* with é and measure the /2 estimation error,

¢» and multiplied by
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Figure 5.7. Mean estimation error averaged across 256 seeds, with standard error bars, as
dimension d increases (left) and runtime for each method (right).

Figure 5.7 shows the error and computation time across a range of different methods. For the
¢? ball, TKSD marginally outperforms all competitors across all dimensions, at only a slight
computational expense. For the ¢! ball, TKSD, bd-KSD and TruncSM have similar estimation
errors across all dimensions. However, TruncSM (exact) and bd-KSD (exact) have an increasing
computation time due to the costly evaluation of the distance function. In this implementation,
we follow the advice of Liu et al. (2022), Section 7, where the distance function to the ¢! ball
is calculated via a closed-form expression, for which the computational complexity increases
combinatorically with dimension.

TruncSM (approximate) and bd-KSD (approximate) have significantly higher estimation error
than other methods across all benchmarks. TKSD is able to achieve the same level of accuracy
as the exact methods, using the same finite set of boundary points, V.
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Figure 5.8. Mean percentage of data points simulated from A (u}, I ;) which remain after
truncation as dimension d increases.

5.6.3 Gaussian Mixture

As an additional experiment to show the capability of the method, we test on a more complex
problem, estimating several means of a Gaussian Mixture distribution. The estimation task is as
follows. Fix d = 2 and m = 200. Let all of the mixture modes be given as follows,

pi=[1.5,15", u5=[-15,-1.5]", p§=[-1515]", pj=[1.5—-1.5]".

For a given number of mixture modes, we independently simulate samples from A (K}, Ia), for
j=1,...,ny,, where m is the number of mixture modes, and discard samples that are outside a
box which has vertices at [-3, —3], [3, —3], [—3, 3] and [3, 3], until we reach a total of n samples
after truncation. Figure 5.9(a) shows an example of this experiment setup for different amounts
of nyy,.

The task is to estimate 8* := p* for all 7. To ensure a well specified experiment, we set the initial
conditions for the numerical optimisation routine as a perturbation from the true value, i.e.
0™ =0 + 2,z ~ N(0,0.5 - I). We estimate § with TKSD and compare it to a corresponding
estimate by TruncSM across a range of different values of n and number of mixture modes n,,,
shown in figure 5.9. Overall, TKSD significantly outperforms TruncSM in this experiment across
all variations at the slight cost of runtime. Whilst the runtime of TKSD seems to be quadratically
increasing, it still remains under two seconds across all experiments.

5.6.4 Regression

We provide a further example of using TKSD to estimate the parameters of a regression problem.
We provide two examples in this section, for synthetic data and for real data.
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(c) Estimation error as the number of mixture modes increases for a fixed n = 300, averaged
across 256 seeds.

Figure 5.9. Estimation of Gaussian mixture modes using TKSD and TruncSM.

Synthetic Data First, we simulate data in the following way:
yi ~ N(wi, 1), pi = By + Bizi, x; ~ Uniform(0,1)

where we assume knowledge of the true values, 3; = 3 and 3] = 4. We truncate the dataset
to where y; > 5 Vi, so only a portion of both y and x are observed. We then estimate the
conditional density p(y|z) with TKSD via estimation of 8* := 35, 5] .

We obtain the log-likelihood of the Normal distribution under the estimate of 8 := [5g, 3]
output by TKSD, split across the observed dataset (within the truncation boundary) and the
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Figure 5.10. Estimation of regression parameters using TKSD.

unobserved dataset (outside the truncation boundary). We compare these log-likelihoods to
ones obtained by a naive MLE approach which does not account for truncation. As an additional
measure, we calculate the unobserved error, given by

Munobs

MSE(Y?S’) = Z (QZ - yi)27 gl = BO + leiu
i=1

where nynobs 1S the number of discarded data points due to truncation, and this error is calculated
over these discarded data points only. This forms a measure which evaluates how well the
density estimation method is predicting on unseen data points. Instead of traditional test error,
it is the error on data points that have been truncated and hence no longer observed by either
method.

A histogram of log-likelihoods and errors across 256 trials is given in figure 5.10(a), and an
example of one such simulated regression is given in figure 5.10(b). The log-likelihoods for the
observed points are higher for MLE, since the objective of this method is to directly maximise
these likelihoods. However, on the unobserved dataset, the log-likelihoods obtained by TKSD
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are significantly higher than MLE. The unobserved errors are significantly smaller for TKSD,
showing the improvement of TKSD over the naive approach.

Real Data: Student Test Scores We also experiment on a real-world dataset given by UCLA:
Statistical Consulting Group (2022) (Example 1). This dataset contains student test scores in a
school for which the acceptance threshold is 40 out of 100, and therefore the response variable
(the test scores) are truncated below by 40 and above by 100. Since no scores get close to 100, we
only consider one-sided truncation at y = 40. The aim of the regression is to model the response
variable, the test scores, based on a single covariate of each students’ corresponding score on
a different test. Figure 5.10(c) shows the plotted dataset and the regression line fit by TKSD
and naive MLE. Whilst we have no true baseline value to compare to, the TKSD regression line
seems to account for the truncation, whilst as expected, MLE does not.

5.7 Conclusion

We have proposed an alternative to the classical Stein class, called an approximate Stein class,
bounded by a decreasing sequence instead of being strictly equal to zero. By maximising the
KSD objective over this approximate Stein class, we have constructed a truncated density
estimator based on KSD, called truncated KSD (TKSD), and shown that it is consistent. TKSD
has advantages over the prior works by Xu (2022) and Liu et al. (2022), as it does not require a
functional form of a boundary.

Some limitations of this method include the requirement of selecting hyperparameters, such as
the kernel function k and its associated hyperparameters, and the number of samples from the
boundary, m. Choice of m may depend on applications. Still, a larger value is preferred when
the complexity of the truncation boundary is greater, or the dimension is larger. However, even
with the heuristic approaches presented in this paper, TKSD provides competitive results.

In experimental results, we have shown that even though we assume no access to a functional
form of the boundary, TKSD performs similarly to previous methods which require the boundary
to be computed. In some scenarios, TKSD performs better than these methods, or takes less
time to achieve the same result.

All results in this paper can be reproduced using the GitHub repository located at https:
//github.com/dannyjameswilliams/tksd.
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5.8. PROOFS

5.8 Proofs

5.8.1 Proof of lemma 5.2

Proof. Letg € gf)l. Begin by writing the expectation as an integral,

E,(Tog(x)] = /V 4@ Tg(@)de = /V 4()Bs, 10g () 1) + Dy () s

d
=3 [ duat@at@) + 0. @ia

ZZ_;/ 0z 9(2)g1(x) + Or g1 () dz = ; }év q(x)gi ()t (x)ds
d
#3 [ ae)inate) ~dna@)ie

where the final equality comes from the boundary conditions on g, such that all evaluations g;(x’) = 0 V&' €

aVv. |

5.8.2 Proof of lemma 5.3

Proof. Letg € gg and g € gg{m. First note that g and g agree on 5‘7, ie.
a(@)=qg(&), Vi=1,...,d (5.23)

forall &' € oV , since all &’ are elements of OV also, as ov C OV First, we note that since we assume that g;
and g; are both Lipschitz continuous, then

a(@)] < Cilla’ — &' < Crem (5.24)
g(@)| < Cafl’ — &' < Caepm, (5.25)

(")
|(Z")

where ||z’ — &'|| < &,. This follows under the assumption that dV is ep-dense in OV, therefore the distance
|’ — &'| is at most &,

We seek to quantify

lgu(2") — G (")),
which is how far apart the ‘approximate’ §; is from the ‘true’ g; for any point ' € V. Note that this includes
points that are not in OV Write
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(q(x") = gi(=) + (@(@) — g(&)) + (@(&') — (Z"))
2 (@) - qu(@) — (&) + G(&)
= (gi(x") — q(&)) + (@(&) — qi(z")),

where equality (a) is by equation (5.23). Using equation (5.24) and equation (5.25), we have the following
inequality,

g(x’) — ()

[

lgi(x") — gi(2")| < |gi(2") — gu(&)| + |3(&') — qi(z")] < (C1 + C)em,

where the last step follows by the triangle inequality. Therefore, since AV is em-dense in OV with some
probability, we have

lgi(x") — Gi(=")| = Op(em)
as desired. |

5.8.3 Proof of proposition 5.4

Proof. First, let L(V) denote the (d — 1)-surface area of a bounded domain V' C R? and L(V)) < oco. For
example, in 2D, L(V') corresponds to the line length of 9V. We also define B,, (2') as the ball of radius &,
centred on .

Before continuing to the proof, recall the definition of an e-dense set: V&' € 9V,3%" € 9V such that
d(z',x') < e, where d is some measure of distance. The statement d(z', Z') < &, is equivalent to Z' €
B.,,(x'). Now write that the probability that the definition of a &,,-dense set holds for oV being dense in OV
is equal to 0.95:

0.95=P(Vz' € 9V,32' € 0V, € B., (') =1 — P32’ € oV,vzZ' € OV, % ¢ B., (x'))
—1 —]P’( | v& eV, ¢ Bgm(w/))
x'cdV
Equivalently, by rearranging the above, we have
]P( | v& cov.7 ¢ Bsm(:c’)> — 0.05.
x'edV
This probability can be bounded as follows
0.05 = IP( | v& €dv.# ¢ B., (m’)) > P(\ﬁ' cav,¥ ¢ Bam(azg))
x'edV

where () is a single point in OV This follows by basic laws of probability. Note that the probability on the
right hand side can be written as

P (v&’ cdV,# ¢ B., (w6)> —P (%) ¢ B., ()"

[1-P(z € Be,,(z())]"

[ _ Area(9V N B, (=)™
L(V)

< 0.05 (5.26)
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where the first equality comes from all ' € oV being independently distributed. Area(.S) denotes the surface
area of the boundary set S. For example, Area(0V') = L(V). Therefore Area(0V N B.,, (x)) represents the
size of the region of OV that is inside B.,, (x(), which will be the area of the boundary hyperplane of OV
which passes through B.,, (x{). We obtain the probability in the final equality by assuming that all Z’ are
uniformly sampled from 0V, so the probability is the proportion of OV inside B, () as a ratio of the full
OV'. This probability exists under the assumption that L(V') < occ.

Next, we can rearrange equation (5.26) to
Area(dV N B., (zh)) > L(V) [1 - o.osl/m] .

Consider an upper bound for Area(0V N Be,, (x(,)) given by the volume of B, (), i.e.

Area(V N Be,, (%)) < &(d)er,,  &(d) = P(gldfl)
where I is the Gamma function. Combining these bounds gives
(d)ed > L(V) [1 - 0.051/’“}
and therefore »
Em > (L((g)) [1 - 0.05””’]) / :
which completes the proof. |

5.8.4 Proof of theorem 5.6

Proof. Letg € G and g € gg{m. Begin with writing the expectation in its integral form,
d
E,(7,9(x) / [Z Oy, log q(x)qi(x) + Z axlgl(a:)] dx
= Z/ x)0y, log q(x) g (x)dx + Z/ )0, Gi(
Z/ Iz,q(x)gi(x diBJrZ/ )0z, G1(x
Z% Ul ds—Z/ zzgl d$+2/ xlgl
ov
d
-y 7( o(@)Gu(@) iy () ds
=1 YOV
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where §,., is the surface integral over the boundary 9V, (a) comes from the identity that ¢(x)d,, log ¢(x) =
Oz,q(x), and (b) is from integration by parts. Substitute §;(x) = §;(x) + g;(x) — g;(x) to obtain

By lemma 5.3,

a1(@') — gi(a')| = Op(em), leaving
d
Ey[Ts9(x)] = Op(em) + lz; ji | @) a(@)iu(@)ds

As all evaluations of g;(z) = 0 Vx € OV by definition of G¢, the second term equals zero, leaving only
Eq[T29(x)] = Op(em)

as desired. |

5.8.5 Proof of theorem 5.7

Proof. Recall ngm ={gecgG?|glx)=0Vx ¢ v, ||g\|éd < 1}, where G? is the product RKHS with d
elements, g = (g1,...,94),and g, € G,VI =1,...,d.

Begin with the definition of TKSD as defined in equation (5.14),

sup Eq[Tpe9()].
9c94 .,

To solve this supremum analytically, we can reframe it as a constrained maximisation problem,

max E,[7,,9(x)], (5.27)
gege
subject to g;(z') = 0 Vz' € 5\1//, Vi=1,...,d

lgligs <1,

where the constraints in the definition for gg{m have been included as optimisation constraints, and the

maximisation is now with respect to the RKHS function family g only. To solve this, we can formulate a
Lagrangian dual function (Boyd and Vandenberghe, 2004).

inf 0,900, .. v 5.28

o 1 L0907, 20N (5.28)
d m

L= ﬁ(evga V(1)7 CER) V(d)7 >\) = Eq[%eg(m)} + Z Z VZ'(,l)gl(m;/) + )‘(Hgnéd - 1); (529)
1=14i=1
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for v € R™ VI, A > 0 and £ is our Lagrangian. The overall optimisation problem that needs solving is given
by

i £0,g, 0D .. @ N\, 5.30
L D@ A gegd (8,9, v, 4) (530

By solving the dual problem, equation (5.30), we solve the primal problem, equation (5.27). We can rewrite
equation (5.29) as

d
> 0, log po(x)gi() + Ony g1

=1

L=E,

+ ZZV ai(xyy) + Mllgllgs = 1),

I=1i=1

and we can expand evaluations of g;(x) via the reproducing property of G, given by g;(x) = (g;, k(x, -))g, to

d
L=y |> 0 logpe(x) (g1, k(w,))g + (g1, O k(a, -)>g] (5.31)
=1
m d d
+ Z Z VZ-(/l) <gz, k‘(:l);/, )>g + A (Z(gl,gl>g — 1)
=1 1i=1 =1

d
> E, <gl,3xllogpg( Vk(x, ) + Oy, k(x +ZV% >

=1

d
(Z 91 91)G — 1)
g =1
d d
Z<gz, 4[0z, 10g po(@)k(, ) + O ki (, )] + ZV > (Z 9, 910G — 1) (5.32)

=1 =1

o~

The final equality holds provided that E, [0, log pe(x)k(x, -) 4+ 0z, k(x,-) + > 0", Z(,l) k(x,-)] < oo, ie. the
term inside the expectation is Bochner integrable (Steinwart and Chrlstmann 2008). ThlS same assumption

was made in Chwialkowski et al. (2016), as we can consider > ;" , yi(,l)k(zc;,, -) as a constant with respect to
the expectation.

We solve for each parameter via differentiation to obtain a closed form solution. Across dimensions, each g; in
equation (5.32) appears only additively to another, and so we can consider the [-th element of the derivative,
and solve the inner maximisation for each g; to give a solution for g. This differentiation gives

oc

g — Pa [0 logpe(@)k(x, ) + On K(x —I—Zu(l)k )+ 2Ag = 0.
Rearranging for g; gives the solution

2l

Lo
9 = —=xEq [0, log pe(x)k(x, ) + Oy k(x 2AZV 2, - )=,

2\

where in this context the x notation denotes the closed form solution to an optimisation problem, additionally
for convenience we have denoted

21 = Eq [0y, log pe(x)k(x, ) + Oy k(2 +Zul)k xl, )
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Substituting this back into equation (5.32) gives

d
£0,g% v, ... §:<2A4>44<§:<2A %>—4>:§:$J%q@+x(m$

=1 =1

where g* = (g7, ..., g}). Solve for A by differentiating

d
aﬁ Z 2l Zl = 0.

Rearranging for \ gives A = :I:\/ Zle (21,21)g/4 . Since A > 0, we take the positive solution, giving

Z;i:1 (21, 21) g /2. Substituting \* into equation (5.33) gives

d
1
1 —
5(07 g*7 V( ), P , ; 4)\* Zl7 zl A* _ (5‘34)
To solve for the final Lagrangian parameters, v(1) ... (%) let us first introduce some notation. Denote
k(wllﬂ '),
b= 1 | =Rz ... k(za,)], K =¢udy,
k(@ -)
where z/,..., @], € AV . Now consider the equivalence

d d

>z, u)g = argmin Y (z, 2)g = argmin (2, z)g
=1 v o v®

as each v(¥) is independent. By rewriting z; as z; = E, [0y, log pe(x)k(x, -) + Oy k(x, )] + I/(l)Tgbx,, we solve
this again by differentiating,

d - le B (Z)T
0] (z1,21)g = 2 <dy(l) ; Zz>g =2 <¢X,,Eq [0z, log pe(x)k(x, ) + Oy, k(x,-)] + v ¢X/>g

=2E, [&gl logpo(ac)d)m,x, + 6xz¢’m,x/] + 2V(Z)T¢x/¢;
=2E, [8@ log po ()P + 3@4,:87}(/} 4 2V(Z)TK/.

Setting equal to zero and rearranging gives
* _
0" = —(K") lEq [8@ 10gp9(1:)¢>;x/ + (8ﬂ?l¢:c,x’)—r} ) (5.35)
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Before substituting back into equation (5.34), let us first square it and expand it as

d
.
£2 =" Eorg@Eymga (@, 9)] + (Bamga) |90 108 D0(@)$g00 + (O 6zx)|) 2" -
=1 5.36

T

-
4+ Eyq(a) [Byl logpg(y)(;b;x, + (O, (j)y,x,)T + v KW

where ul($7 y) = ¢p,l(m)wp,l(y)k(x> y) + wp,l(m)ayzk(ma y) + wp,l(y)azzk(w> y) + aﬂﬁlayzk(xa y) We can
substitute ()" from equation (5.35) into £2, denoting £*? := £(8, g*,v (™, ... v X), giving

d

‘C*Z = Z Em,ywq(m)[ul(w, y)] (5,37)
=1

4 (Bamator [ 11000+ 0ni0) ]} () By [0 + Oy 7] )
+ (—(K/)_lEac~q(:v) |:7vb:c,l¢;—,x’ + (Ox, ¢m,x/)TDT IEqu(aﬂ) {wy,lqb;x’ + (9y, qbyx’)T}

() B[00 0+ Orbane)T]) K () By [0+ (D) T])

where, for brevity, we have written ¢,; = 0, logpg(x) and ¥y, = 0y, log pe(y). This can be further
simplified to

d

E*Q = Z Em,y~q(w) [ul(ma y)]
=1 (5.38)

- (Equ(m) [wz,ld);—,x' + (8xl¢m,x’)TDT (KI)_lEyNQ(w) [¢y,l¢;—,x' + (8211 ¢y,x’)—r} )

and equivalently

d T
£ = Y Bayegt) | 01@9) ~ (0180 + Guiae)”) | () (e + @ty 7))
=1
(5.39)
giving the desired result. |

5.8.6 Proof of theorem 5.11

First, we state a general result for proving the consistency of an empirical estimator of 8, which is second-order
differentiable with respect to 6.

Lemma 5.12. Define the unique solution of empirical objective 6 := arg ming I:(B) and the population 0* :=

A

arg ming L(8), where L(0) := E[L(0)]. If Ain [vgi(e)} > Apin > 0,Y0 and |V L(0%)] = Op(—.), then

Vo
16 — 6%|| = Op(ﬁ). Here, Ain (M) is the smallest eigenvalue of a matrix M.
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Proof. First, we define a function h(0) := (6 — 6, 1(0)). Using the mean value theorem, we obtain h(0) —
h(0*) = (Vgh(0),0 —0*), where 0 is the midpoint between 8 and 8 in a co-ordinate wise fashion. Therefore,

‘A

due to the fact that VoL () = 0,
0— h(6*) = (6 — 0*,VoL(0%)) = (0 — 6", V2L(6)(0 — 6%)).
This implies the following inequality

16 — 611 VoL (6*)I| = [1(6 — 67) " VZL(6)(8 — 6")[| = Auin|(6 — 67)I%.

Assume [|6 — 6*|| # 0, 2 [|VoL(6%)] > [|6 — 6*||*. |
For the remainder, we need only to show that Jyksp (0)? satisfies lemma 5.12.

Proof. First, we need to show that

[Vorwsn(0)?],_,.] = Or(en). Vi (5.40)
For brevity let us define Eg = Egq(z) and similarly Eyy = E, (). Recall
d
Jrcs (0) = 3 Eoly |ui(w,y) — vil@) T (K) " vi(y) (541)
I=1

where

Ul(m) y) = ¢p,l(m)¢p,z(y)k($7 y) + wp,l(m)aylk(my y) + wp,l(y)axlk(m) y) + 8x58y1y))
VZ(Z) = I/JpJ(Z) I,x’ + (azl¢z,x’)Ta

G = [k(z, @), ... k(z,2),)], b = [k(z],), ... k(z],,-)]T and K' = ¢, @) Let us take the deriva-
tive of (5.41) with respect to 8. We first consider for the /-th dimension of the sum, and then note that this will
apply to all d dimensions. Therefore consider

Vonen (00| = VoBaEy [u(e.y) —vi(@) () viw)] |
= EE, [Vow(%,y) —v(z) (K')" (Vevi(y)) - (Vevl(ﬂﬁ))T(K/)_le(y)} ‘9:9*- (5.42)
We begin by expanding the first term in (5.42):
EzEy [Vou(x,y)] ‘9:9* = BBy [Yp(2)k(x, y) (Vorpi(y)) + (Vorpi(®) k(z, Y)Yy (y)
+ (Voupa(@)dy k(@ y) + (Vorpi()duk@y)]| . (43)
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Now expand the first term of (5.43), giving

By [ @h(@.9) Vot |, = [ sl [k(w,w(vewp,z(y))]dw)

0=0* 0=0*
/ Oaya(2)Ey [K(@, 1) [Votps@)]|,_g] dz (5.49)
due to
1), = 200 10w (2) = ) 221 — ,4(2)

Then, via integration by parts, (5.44) becomes

jgv q(x)Ey [k(z,9)[Votpi(y)]| g_g-| tu(z)ds — /Vq(:v) [0,k (2, ¥) [Vorpi()]] g_g ] -

We can expand the second term of (5.43) in a similar way:

(Vb (&) (@, ) () = 72% \Ea [[Votps(@)],_y. k(. )] fuy)ds
- /V () [[Voupi(@)]]p_ge O k(. )]

Both of these together, as they appear in (5.43), gives

B: jq{ k(x, ) [Vorpi(y)]] gp_g: | tux)ds
(5.45)
" fqu< Eo [[Voti(@))|p_g-kle. )] iu(y)ds.
Now consider the second term in (5.42),
EolEy [vi(2) (K (Voviw))] | . (540
= BBy | (1 (@) 0 + 001 P n0) () by (Vatipalw) D] |
= By [11(2) b0 (K) (S50 (Vi () T) (5.47)
(001 P ) (K) (85 0 (Vorpa ) ] |,
= Eo [U1(@) 0 0 (K) 'y [0 0 (Vouna)D]]| .
+ o [ (0080 0) (K) By [0y 0 (Votnaw) ]| | . (5.48)
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Consider only the first term of the above,
Ee [450(2) a0 (K 'Ey [(.0(Totnaw) D] || .
= [ @ i(@) e K) By [ 8] (Vo) ] o]
= [ 0@ (KB [ 6] Tt 0) e

6=0~

Integration by parts can be used to expand this to

F @) () 1B, [0 0 Tata(w) g ()

(5.49)
- [/ Q(w)(:bm,x’ (K/) |:8Il¢y x/ [Vewp, }9 9*} (:E)dw
Assumption 5.9 indicates that we have the following equivalence (in a coordinate-wise fashion):
@) () By (6] o[Vat ) oy | i(a)ds
ov (5.50)

= 72‘/ q(x)E, [k(m Y)[Vopi(y ‘9 6*} (x)ds + Op(ém,1).

We interpret this as follows. If we consider X' € AV as our training set, then our regression function is
trained on the approximate set of boundary points. The surface integral denoted by fav is evaluating on all
x € 0V, the true boundary. Therefore the prediction based on € AV is going to be well approximated by
the regression function that is trained on x’, and the approximation error, €m,1, will decrease as m, the number
of training points, increases.

We can apply the same operations (from (5.48) onwards) to the third term in (5.42), which gives

B.E, [(Vou() (K) v(w)] =

D 4(W)Ea |[Voupi(@) ]| g_p:(2,9)| l)ds + Op(ém2), (551

where &,, 2 is the approximation error for the corresponding kernel regression on this term. When taking the
sum, as it is in (5.42), (5.50) + (5.51),

@By (K@) Tov ) Y g_ge | 1()ds + OpCon)
P W [[Vot0(2) g b )] 0(u)ds + Op(én) = B+ Op(en).
where €, = €,,,1 + 2. Therefore, when substituting all of (5.45), (5.50) and (5.51) back into (5.42), we have
Voucso(0)| = Op(ém),

where &,, is a decreasing function of m.
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Now we show 0* is the true density parameter, i.e., pg = ¢. Let Jrisp(0*) := Jrksp(0)?|g—g+. First, we
show that L(6*) = 0. This is guaranteed as
L(a*) == 11 JTKSD(O*)Q
oo

m—
2

= lim sup Eq[Tpy. 9]

m—0o0
geg(‘{m

= liLn Op(em) = 0 (with high probability),

forg € gg,m. The change from Stein discrepancy to Op(c,,) is guaranteed by Theorem 5.6. Since we assume
that the minimiser of the population objective 8 is unique and our density model is identifiable, it shows that
the unique solution of the population objective is the unique optimal parameter of the density model.

Second, we verify that HVeﬁ(e*)H = OP(ﬁ)'

IVeL(6")] = Vo lim Juso(6)’]
lim ||v0jTKSD(0*)2||
m—0o0

= n%gnoo HVGjTKSD<6*)2 - VBJTKSD(G*)Q + VHJTKSD(0*>2H

IA

%i—I}loo <||V0jTKSD(0*)2 — Vo Jrksn (0%)?]] + ||v9JTKSD(0*)2H>

< lim_ ([ Voncen(0%)? = Vorcsn (0] + Op(ém))

i (op (;ﬁ) i op(ém>) (552)
o)

where the inequality in (a) is due to the convergence of U-statistics (Serfling, 2009), and the equality in (b) is
due to limy, 00 Op(é,,) = 0.

A

INE

We have ||VgL(6%)| = Op(ﬁ), and assumption 5.10 provides Apmin {ng)(@)} > Apin > 0, then both
0, — 0*|| =

conditions in lemma 5.12 are satisfied, and this concludes the proof of the consistency of én, ie.,

Op(=).
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CHAPTER

TIME SCORE MATCHING FOR PARAMETER CHANGE ESTIMATION
AND CHANGEPOINT DETECTION

6.1 Introduction

The change of a model parameter over time is in a lot of cases of more interest than the
parameter itself. For instance, in changepoint detection, if the parameter change exceeds a
certain threshold, a changepoint is declared (Aminikhanghahi and Cook, 2017) which segments
the data into distinct regions. This can have meaningful intuition across applications such as
climate change detection (Reeves et al., 2007), speech recognition (Bhandari et al., 2013), medical
data segmentation (Malladi et al., 2013), amongst many others.

Most changepoint detection methods are designed to detect abrupt changes in discrete time,
where an actual change could be more subtle and happen more gradually across a long time
period. To this extent, estimating the derivative of the parameters that govern a distribution
changing over time would inform fully about the trends of our data, as well as any changes that
might occur.

Score matching (Hyvérinen, 2005, 2007) is a powerful density estimation method that does
not require a tractable normalising constant, admitting a broad class of models. A recent
development, called time score matching (Choi et al., 2022), can estimate the change of a
distribution over time. Despite its huge potential in changepoint detection, time score matching
has been understudied in prior works, limited only to use in density ratio estimation.

In this paper, we adapt the time score matching objective by incorporating elements of truncated
score matching (Liu et al., 2022; Yu et al.,, 2021), and show its potential in estimating model
parameter derivatives. We show that this score matching variant can also handle intractable
models, which enables complex model parameterisations.
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CHANGEPOINT DETECTION
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Figure 6.1. Usually, one would need to employ specific methods for these three distinct tasks,
but our method, TSM-DE, estimates 0;0(t), and thus can capture a linear trend (top), detect
piecewise linear changes (middle), and an abrupt change (bottom).

6.1.1 Method Overview and Motivation

Let py = p(x; 0(t)) be a time-varying probability density model, where the time dependence is
entirely through 0(t). We seek to estimate changes in 6(¢) over time and develop a detection
algorithm to identify locations of significant deviations from stationarity. In this work, we do
not a priori assume the form of 6(¢): 6(t) could be a piecewise constant function or a smooth
changing function over time ¢.

One can estimate 6(¢) using time-varying density estimation, but it is not obvious how to
measure a significant deviation from stationarity and therefore detect changes. It may also
be impossible to estimate @(t) when p; is an unnormalisable model. Furthermore, density
estimation is not ideal if interest only lies in the change of parameters, as it would also involve
modelling additional parameters that do not change over time. Changepoint detection relies
on an a priori assumption on the type of change that occurs, e.g. abrupt, piecewise linear or
otherwise. More importantly, these methods are not designed to learn changes in the parameters
directly.

Our method, Time Score Matching Derivative Estimation (TSM-DE), estimates 0,0(t) directly,
which is a natural quantification of changes and holds meaningful intuition. We also derive
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an asymptotic distribution for 0,6(t) under a stationarity assumption, enabling TSM-DE to
detect significant deviations from stationarity as changepoints. This flexible formulation makes
TSM-DE versatile for changepoint detection across multiple scenarios, with only minimal
assumptions required. figure 6.1 shows three examples of using TSM-DE for three distinct tasks,
using the exact same TSM-DE algorithm.

6.2 Background

We review some fundamental prior works and methodologies that are relevant to our method.
Firstly, score matching (section 2.1) plays a fundamental role, and we will begin by discussing
an extension of score matching given by Choi et al. (2022).

6.2.1 Time Score Matching

Consider a data distribution whose probability density function changes over time ¢t € [0, 1],
denoted by ¢;(x). Choi et al. (2022) proposed the time score matching objective to estimate the
time score, given by

Jiime (0) = EgEq, ) |h(E)[¥q, () — so(,1)[|?] (6.1)

where 1), () = 9; log ¢;(x) is the time score function, so(, t) is a generic model intended to
approximate t),, (), ¢(t) is a uniform distribution over timescales, and h(t) : [0, 1] — Rt is a
positive weighting function. Choi et al. (2022) propose to use a neural network as so(x, t) to
flexibly model ¢Qt (). Under regularity conditions, this objective also can be expanded using
integration by parts to a tractable form for use in practice.

6.2.2 Change Detection and Parameter Change Estimation

In this section, we review two lines of work that are relevant to our algorithm.

6.2.2.1 Changepoint Detection

Changepoint detection, or data segmentation, is a long developed and well studied field. In the
traditional offline setting, we observe

wi, f0o<t<T

Ty = + €, =
t = [t t et {M% <t < b

where (11 and pg are constants, €; is a zero mean process, T is a changepoint, and g is the
length of the time series. Whilst not exhaustive, we will briefly outline the most noteworthy
offline detection methods that are relevant to this work. Aminikhanghahi and Cook (2017)
provide a more comprehensive overview of changepoint detection.

Most changepoint detection methods can be classified as moving window procedures, which
scan over time series and, for a given window size, check for a statistic that deviates from the
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nominal status significantly. For example, the moving sum (MOSUM) procedure (Bauer and
Hackl, 1980; Eichinger and Kirch, 2018; Meier et al., 2021) checks for a significantly non-zero
difference between moving sum statistics before and after a candidate changepoint, and is
a simple and efficient algorithm for mean change detection. Moving window methodologies
have been developed for time series that are autoregressive (Owens, 2024; Yau and Zhao, 2016),
smoothly changing (Vogt and Dette, 2015), piecewise linear changing (Kim et al., 2024), high-
dimensional and conditional Cho and Owens (2022) and even for changes in Gaussian process
regression parameters (Caldarelli et al., 2022). A more general moving window framework has
been studied by Kirch and Reckruehm (2022).

Other methods include the Pruned Exact Linear Time (PELT) method (Jackson et al., 2005;
Killick et al., 2012), which partitions time series data by minimising a general statistical criterion
function over all partitions in linear time, and non-parametric methods that detect changepoints
in a kernel-transformed space (Arlot et al., 2019; Celisse et al., 2018).

6.2.2.2 Time-Varying Distributions

Suppose that p; is the density of a time varying probability distribution. Assume p; depends on
t only through a parameter vector 6(t). Classical time series modelling usually assumes that
0(t) is a discrete-time autoregressive process (e.g. Box et al. (2015)), such that 6(¢) depends on
one or several previous parameters. Other works, for example Kolar and Xing (2011) and Lu
et al. (2022), estimate the time-dependent structure of specific density functions.

Another approach learns 0(t) via conditional density estimation, for example, we assume
0(t) = f(t; B), where f is a linear or nonlinear function and is estimated by methods such as
maximum likelihood estimation. Lindelgv (2020) detail a Bayesian framework that estimates
f(t; B) whilst simultaneously estimating changepoints to partition the time series. This condi-
tional density estimation approach can of course be extended to more flexible models of (%),
such as generalised additive models (Dominici et al., 2002; Hastie and Tibshirani, 1986) and
reproducing kernel Hilbert space models (Lampert, 2015).

6.3 Estimating Parameter Change in the Exponential Family
using Score Matching

Consider time series variables consisting of pairs (x, t), where  ~ ¢;(x), a density function
that changes over time ¢, and ¢ € 7. For convenience of notation, let 7 = [0, 1].

6.3.1 Density Change in the Exponential Family

Let us assume that the true data density function g;() is in the Exponential family, i.e. parame-
terised as

e oy _ P (O(1), F()) + (¢, h(z)))
Q(w70 (t)’so ) - (0*(t) ) ’

a(T) = (6.2)
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for an unknown normalising constant Z(0*(t), ¢*). We assume that ¢;(x) = q(x; 0*(t), ¢*)
changes over time only through the parameter vector 8*(¢), but the entire distribution is
parameterised by both 8*(¢) and ¢*, where * does not depend on t. We denote f : R? — R¥
and h : RY — R¥ as the feature functions, for which choice of f and h induces different
time-based distributions. For the remainder of the chapter, we will omit the dependence on x
from g, () for brevity, and henceforth use ¢ = ¢;().

Our method is motivated by the following observation:

Theorem 6.1. Let q; be defined as in equation (6.2), then the time score function for q; can be
written as

by (@) = D log qr = (0,0}, f (x)) — Eq, [(0:6}, f(2))], (6.3)

where we shorten 6(t) to be ;.

For proof, see section 6.8.1. This result shows not only that the time score function ¢qt (x) needs
no normalisation term, but it also only depends on the parameter derivative 9;07, and no longer
involves ¢* nor h.

Since this formulation of 9/, () no longer requires specification of either (¢*, h(z)) nor the
normalising constant Z(0*(t), ¢*), this admits a larger class of models. One only requires
specification of the feature function f, which is free to be chosen as flexibly as possible. For
example, see section 6.6.3 where f is the output of a convolutional neural network.

Example If ¢; is a univariate Gaussian density with time-dependent mean and variance, then
equation (6.3) holds if f(z) = [z, 2%]. Similarly, for fixed mean and time-dependent variance,
f(z) = [z, 2?], and for fixed variance and time-dependent mean, f(z) = z.

For proof, see section 6.8.2. Therefore, to model 1/}qt (x) we propose to use the following

s(x;t) = (0:0y, f(x)) — Eq, [(0:0:, f(2))], (6.4)

which requires learning only 0;0;. A general model of 0,6; is discussed in section 6.3.4, and
the choice of this model ultimately depends on the application, for which our proposals will be
discussed in section 6.4.1.

6.3.2 Derivation of Score Matching Objective

Motivated by theorem 6.1, our method seeks to estimate the time score function Q,Z}qt (x) via
learning the parameter derivative 0,0;. Our approach in this section is based on time score
matching (Choi et al., 2022). Whilst Choi et al. model 1/}qt (x) as a neural network, we aim to
model zﬁqt () through the parameterisation given in equation (6.4), a function of 9;0;. Therefore
we present a slight variation, given by

t=1
Jo(60) = [ By [o0)n (@)~ s(ai )] de (65)

t=0
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where s(x;t) is our parameterisation for the time score function, given by equation (6.4), and
g(t) is a weighting function chosen in advance such that g(0) = ¢g(1) = 0, which is required
in the integration by parts that follows to make this objective tractable. The choice of g(t) is
discussed later in section 6.4.6.

Theorem 6.2. Let g(t) = 0 att = 0 andt = 1. Jo(0;) can be written as

t=1
Jo(6r) = /t—O Eq, [gtst(a?)Q + 20:9: (0,0, f () + 29: (0764, f(x)) ] dt + C, (6.6)

where C' is a constant independent of s(x).

For proof, see section 6.8.3. For brevity, we have written s(x;t) as s¢(x). The proof is based
on two applications of integration by parts, and substituting our proposed model as given in
equation (6.4).

This objective function depends on the parameters only through its derivatives, and serves as a
natural objective for estimation of 0,0, and 8,52 6,. We title our method Time Score Matching for
Derivative Estimation (TSM-DE), and denote equation (6.6) as the TSM-DE objective function.

6.3.3 Sample Objective

Equation (6.6) can be considered as a double expectation on a uniform distribution over time
and on ¢;. Both expectations can be approximated via a Monte-Carlo expectation. Given T’
timepoints, and n samples for each timepoint, i.e. the paired set of samples {(¢;, {z; ; }7_;)}%.

j=1

where t; = (j — 1)/T and x; j ~ q;;, the sample objective is written as

. 11

Jo(0) =3 > alt)s(@,1;)*+20u9(t;) (0()), F (i) +29(t;) (976(t5), f (i) -
j=1 " i=1

Choi et al. (2022) implement importance weighting to reduce variance in their estimator across
time ¢. For our framework, and motivated by time series data often being defined across an
equally spaced grid of time points, we propose to choose samples {t; };‘-F:l that are linearly
spaced across the time interval [0, 1], instead of randomly sampled.

6.3.4 Formulation of 6, and 0,0,

So far, the objective function given in equation (6.6) is not dependent on any particular for-
mulation for 0,0;. Inspired by nonparametric modelling methods, we propose a modelling
framework for 6; as 6; = aT¢>(t), where «v is a b X d matrix, and the time feature function
é: R — R? is at least twice differentiable. Here, b denotes the dimensionality of ¢». Conse-
quently, 8;“075 =a' (@(l)qb(t)), where (9,5(1) denotes the [-th partial derivative with respect to
time. This formulation is not a requirement for any of the results in section 6.3.1 or section 6.3.2,
but is necessary for the derivation in the following section.

38



6.3. ESTIMATING PARAMETER CHANGE IN THE EXPONENTIAL FAMILY USING SCORE
MATCHING

This proposed framework may lose some flexibility compared to other choices, but the com-
plexity of ¢ is not limited, and it can be a non-linear function. For practical use, our proposed
choices for ¢ and hence models for 9,0, are described in section 6.4.1. This model observes
strong empirical performance, as seen in sections 6.5 and 6.6.

6.3.5 Asymptotic Distribution of 0,0,

Consider a null hypothesis: the time series is stationary, i.e., 0,87 = 0. The alternative hypothesis
corresponds to a change happening at time ¢, i.e.;\a,ﬁ: # 0. The following theorem allows us
to quantify the asymptotic null distribution of 9;0; under this null hypothesis.

Assumption 6.3. There exists a true parameter o* such that 07 = o* ' ¢(t), and Jo(6;) is
minimised at o*.

Theorem 6.4. Let assumption 6.3 hold, and let & be a minimiser of equation (6.7), and 8,0, =
&' (0,¢(t)). Asn — 0o and T — oo, the asymptotic distribution of 0,0, under the null hypothesis
that 0,07 = 0 is given by

atétw\/(o,z A),

0:0¢
where
95, = (0(0) 21 B2, 010(1)),
T
Y= ZE% [Vima(wutj)‘a:a*] ’
j=1
T
EB = ZV&I‘ [VOLmOL(a:?tj)‘a:a*] ’
j=1
and

vama(ma tj)‘a:a* =2 <atgt(at¢(t))—r + gt(at2¢(t))Ta f(m)> )
Vama(®,t))| o = 20¢(F(@) — Eq,[f (@) (f () — Eq [£(2)]) T (20(1) (r0(1))

are the first and second derivatives of mq, evaluated at o*.

For proof, see section 6.8.4. The proof revolves around first finding the asymptotic distribution
for a and transforming it to determine the asymptotic distribution for 9;0;. Whilst requiring
evaluations at « = «*, the asymptotic variance, 3 2,8, 18 in fact independent of «*. This

asymptotic distribution allows us to quantify the variance of the estimator 9,0, under the null
hypothesis.
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6.4 Practical Implementation

6.4.1 Proposed Models for 0,0,

Section 6.3.4 details the formulation of 0;0; that enables the asymptotic distribution derived in
theorem 6.4. Here, we propose some general frameworks to model 0,0;.

6.4.1.1 Examples of ¢(t)

Linear Consider ¢(t) := t. Then estimating 0(¢) = at corresponds to estimating a linear
trend across time, and the model is estimating constant change. Therefore in modelling 0;6;,
in practice we estimate o and therefore a gradient term exclusively. This feature is used to
estimate the linear trend in figure 6.1.

RBF Let ¢(t) := [p1(t), ..., dp(t)] T, where ¢;(t) is a Radial Basis Function (RBF), given by
t— 12
¢i(t) = exp {—H|} ,

202

foralli = 1,...,b. Here, {; is a centroid that is sampled uniformly across the time interval.
This gives a more flexible parameterisation for 0;0;.

6.4.1.2 Sliding Window Linear Model

Inspired by the moving window methods for changepoint detection, consider partitioning the
time series into a series of sliding window subsets. For a given time ¢, a subset is given by
St = [t — w, t + w], for window size 0 < w < 1/2. In each window, we assume a linear trend
in the time series (¢(¢) := t) and estimate o independently. Then, for all ¢ € [w, 1 — w],

0(75) = o, t,

where a5, denotes the parameter for subset S;.

6.4.2 Thresholding for Changepoint Detection

Theorem 6.4 allows us to quantify whether () is stationary or non-stationary at time ¢, under
our model 0;0;. We can use this result to identify periods of change across bounded time series
data and hence for offline changepoint detection.

By modelling 0;0;, we obtain a natural quantity for changepoint detection which does not make
any prior assumptions on the type of change encountered. Provided that 0,0, is significantly
large for some time ¢, then one can say there is a significant period of change at this time.
The following corollary uses the asymptotic distribution of 0;0,, derived in section 6.3.5, to
construct a detector to quantify when this significance level is reached.

Corollary 6.5. Assume the same conditions as theorem 6.4, and define

D(t) = (atat)TE(;tlgt (0:0,). (6.7)
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then for anyt, asn — oo and T — oo, D(t) N Xz.

The proof is straightforward and comes from properties of the quadratic form of multivariate
normal variables. D(t) is a one-dimensional measure that can test for violations of the null
hypothesis.

Unlike traditional changepoint detection methods, we can define an entire change period as the
set

Ap=A{t:D(t) > x}1-s} (6.8)

forl =1,...,n, where n is the total number of change periods, and X%,l—é denotes the (1 — J)-
quantile of the x? distribution, for some significance level § > 0. Each period A; surpasses the
threshold independently and the time periods are disjoint. To detect a changepoint 7;, we can
take the local maxima of Ay, i.e.
7, := arg max D(t). (6.9)
teA,

Further details of our changepoint detection process are described in the following section.

6.4.3 Changepoint Detection Algorithm Details

The detector, D(t), given in equation (6.7), depends on a significance level § > 0. Smaller values
of § (e.g. 6 = 0.01) are likely to produce fewer false positives but risk not detecting the full
period of change, whereas larger values (e.g. = 0.05) will produce more false positives but
will not risk losing potential true change periods. There is a trade-off between smaller and
larger values of §, which is standard in hypothesis testing. Choice of § is up to the practitioner.
In either case, we propose two additional frameworks to reduce the chance of false positives in
the detection algorithm.

Small-peak criterion Setting the significance level § means that for a given time ¢, there is
a 1 — ¢ probability that the detector will exceed the threshold by chance. We propose to also
disregard any change period A if

Hl?XA — mtinA < €sp,

i.e. the total amount of time in the change period is less than esp. Alternatively, this condition
could be written as |A| < espT.

Peak-proximity criterion We also implement an adapted version of the e-criterion, as
described in Meier et al. (2021). Given two periods of change A; and Ay for which ¢; € A; and
ta € Ay, this criterion classifies the two periods of change as the same period if

min [t; — ta] < epp,
t1EA
to€Aog

i.e. the smallest difference between change period is less than epp.
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Choice of esp and epp depend greatly on the application. For example, for smaller J, we recom-
mend also choosing smaller egp as one is less likely to observe false positives. Additionally, if
changepoints are expected to be close together, we recommend smaller values of epp to avoid
mis-classifying two changepoints as one.

Throughout most of our experiments, we use esp = 0.01 and epp = 0.02 for significance level
0 = 0.01, with two exceptions. In our benchmarks in section 6.5.3, we expect fewer changepoints
to be in close proximity, and therefore increase these values by a small amount, 0.05 each, and
use €9 = 0.015 and €1 = 0.025. Section 6.6.2 contains three visually distinct changepoints, but
the latter two changes would be misidentified as the same changepoint if epp = 0.02. Using
epp = 0.01 correctly identifies these as distinct changes. In this case, these two changepoints
are clearly visually separate from one another, and further, 8t§t has a different sign for each
change, highlighting that they are distinct.

6.4.4 (; Regularisation

We observe that our estimator could be improved by instead performing the following optimi-
sation

T
Lz A
min Jo(8;) + 7 Zl Exas (6.10)
]:

i.e. apply a ¢; regularisation penalty to the TSM-DE objective which penalises the absolute
value of 0,:0;. The strength of regularisation is controlled via the hyperparameter \.

The ¢; regularisation encourages 0,0, to be zero when there is no change, making it suitable
for changepoint detection. However, under this regularisation, the asymptotic variance of 0,6,
derived in section 6.3.5 (and subsequently section 6.4.2) is inaccurate. In experimental studies
we have found that this asymptotic variance serves as a good approximation to the variance of
the regularised estimator when A is not too large.

In practice, we recommend larger values of A to reduce the effect of spurious or insignificant
changes when when the aim is to identify those changepoints with greater magnitude, and
ignore smaller changes (e.g. outliers).

6.4.5 Improving the Finite Sample Expectation Approximation

The sample objective, as defined in equation (6.7), approximates the expectation using a finite
set of samples of size n, where approximation accuracy improves as n increases. Time series
data typically involves a single sample per time point; i.e. n = 1. In experiments, we find that
TSM-DE performs well when n is small, however we present two approaches to address this
minor limitation and enhance the usefulness of our methodology in this setting.

Binning One straightforward approach involves defining a bin size B, which partitions the
time series into |7/ B| equally sized segments, so that each bin represents a set of samples at a
single time point in the new time series.
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(a) Estimating 0;0(t) for a smoothly changing function.
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(b) Changepoint detection for mean and variance.

Figure 6.2. Two illustrative examples of using TSM-DE for (a) parameter derivative estimation
and (b) changepoint detection.

Nadarya-Watson estimator We can explore the weighting scheme known as Nadarya-
Watson estimator (Nadaraya, 1964; Watson, 1964), which takes the form

T 1 a\x
Bla(z)|t = to] = 2= Kt fo)a ), (6.11)

Y1y K(ts,to)

for any function a, where K is a kernel function such as the Gaussian kernel. This formulation
resembles a form of weighted binning.
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6.4.6 Choice of g Function

In Section 6.3.2, we specify the necessity for a function g(t) with the condition that it equals zero
at the boundaries of the time domain. For truncated score matching, Liu et al. (2022) propose a
distance function as g, from which we take inspiration. Let #gayt and tenq denote the start and
end of the time domain respectively. We propose

g(t) = _(t - tstart)(t - tend)a (6-12)

and consequently 0;gy = —(2t — tstart — tend)- In experimental results, we have observed that
the specific choice of g has minimal impact. In our setup so far, tt = 0 and teng = 1, but when
using the sliding window linear model as described in section 6.4.1.2, ¢y and teng denote the
beginning and end of each window.

6.4.7 Hyperparameter Selection

Depending on the model for 9,0, there are a few hyperparameters that must be chosen for the
TSM-DE method. These are

/1-regularisation parameter \.

« Nadarya-Watson estimator kernel and kernel hyperparameters. We always use a Gaussian
kernel for the weighted expectation, which requires one bandwidth hyperparameter.

For the RBF time feature (see section 6.4.1.1), the number of basis functions b, and kernel
bandwidth parameter.

For the sliding window linear model (see section 6.4.1.2), the window size w.

Provided that n > 1 (and if n = 1, then we can apply the binning approach described in
section 6.4.5), we construct a validation set that spans all time points of size ny, < n at
each time point. Then, we perform a grid search over a specified set of hyperparameters, and
choose those hyperparameters that minimise the testing loss, which is calculated on the sample
objective, given in equation (6.7), which is un-penalised (A = 0) and contains no weighted
expectation via the Nadarya-Watson estimator.

In practice, we can apply this process to a single validation set across time. Alternatively, we
can repeat this process multiple times across all possible validation sets, which corresponds to a
form of cross-validation.

6.5 Numerical Experiments

Across all experiments, we choose f(x) = « for detecting changes in the mean only, and
f(x) = [z, z?] for detecting changes in the variance, or both the mean and variance together.
We also use significance level § = 0.01 across all experiments.
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6.5.1 Other Method Implementation Details

In experiments in this section and the following section, we compare against three other methods,
MOSUM, piecewise linear MOUSM and PELT, detailed in section 6.2.2.1. Our implementations
of these methods are described below.

We implement MOSUM (Eichinger and Kirch, 2018; Meier et al., 2021) using the mosum package
in python (Owens, 2023). We use bandwidth G = T'/6 based on several factors. The first is that
across simulations, we found this to be a well performing bandwidth. Secondly, the experiments
considered in these experiments do not have close together changes, and we do not need a
smaller bandwidth to cover that. Whilst the choice of bandwidth is important, we considered
multiple options as different fractions of the time series length, and settled on this value as
the consistently best performing one for experiments. For a more comprehensive overview of
bandwidth selection, see Kirch and Reckruehm (2022).

We implement the Piecewise Linear MOSUM method described by Kim et al. (2024) for compari-
son, using the R implementation also provided by the authors, with the authors recommendation
of multiple bandwidths as described in Kim et al. (2024).

To detect changes in the variance using MOSUM or piecewise linear MOSUM, we transform the
time series {x;}1_, as follows

1 L\
z; = (wl - Zmz> (6.13)
=1

forallt = 1,...,T, where T is the length of the time series. Then we apply MOSUM for
mean-change detection on {Z; }7_;.

To detect changes in both mean and variance is a combination of MOSUM for mean change
detection and variance change detection. We run both MOSUM variations on the time series
and combine the results afterwards.

We use PELT (Killick et al., 2012) with the RBF cost function for both mean and variance changes.
The penalty on the number of changepoints we use is given by 2logT. We implement PELT
with the ruptures package, see Truong et al. (2020) for details.

6.5.2 Illustrative Examples

figure 6.2 illustrates two examples of using TSM-DE for parameter derivative estimation and
changepoint detection. Figure 6.2(a) shows Gaussian noise with smooth varying mean and
we employ TSM-DE to estimate 0;4(t) with the sliding window method. Figure 6.2(b) shows
Gaussian noise over time with successive, quick jumps in the mean and variance. We use
TSM-DE with the sliding window method to estimate the location of these changepoints using
equation (6.9).
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Experiment Type

Mean Variance Both

MOSUM 0994 - -
MOSUM (Var) - 0.995 -
MOSUM (Comb.) - - 0.993
PELT 0.999 0.999 0.997
TSM-DE (RBF)* 0.989 0.930 0.916
TSM-DE (SWL)*  0.950  0.963 0.945

Table 6.1. Mean covering metric values for the abrupt change benchmark, averaged over 64
trials, across various methods. Values closer to 1 indicate better performance. Our methods are
indicated by asterisks. Methods not suited for detection for a given experiment are marked with
a dash in the corresponding location.

PWL Experiment Type

Mean Variance Both
PWL MOSUM 0.940 - -
PWL MOSUM (Var) - 0.798 -
PWL MOSUM (Comb.) - - 0.595
TSM-DE (RBF)* 0.903  0.612 0.779
TSM-DE (SWL)* 0.832  0.717 0.705

Table 6.2. Mean covering metric values for the piecewise linear change benchmark, averaged
over 64 trials, see table 6.1 for notation.

6.5.3 Benchmark Comparison

To test the accuracy of our method for changepoint detection specifically, we benchmark it
against other methods. We report the covering metric (Arbelaez et al., 2010), where values closer
to 1 are more accurate.

The three experiments in table 6.1 are:

« Mean change experiment: The time series is Gaussian noise with mean p(¢) which is
piecewise constant, with fixed 02 = 1. A changepoint at ¢ = 0.5 shifts the mean from
wu(t) =0to p(t) = 2.

« Variance change experiment: The time series is Gaussian noise with variance o7 which
is piecewise constant, with fixed ;+ = 0. A changepoint at £ = 0.5 shifts the variance from
o(t)?=1too(t)? =3.

+ Mean & Variance (Both) change experiment: The time series is Gaussian noise with mean
p(t) and variance o, both piecewise constant. A changepoint at ¢ = .33 shifts the mean
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from p(t) = 0 to p(t) = 2, and a further changepoint at ¢ = 0.66 shifts the variance
from o(t)? = 1to o(t)? = 3.

The three experiments in table 6.2 are:

« Mean change experiment: The time series is Gaussian noise with mean x(t) given by

0 ift <1/3,
p(t)=<10(t—1/3) if1/3<t<2/3,
10/3 ift >1/3,

i.e. the ‘middle section’, where 1/3 <t < 2/3 is the smooth change. In this case, o2=1
is constant.

« Variance change experiment: The time series is Gaussian noise with variance o (t) given

by
1 ift <1/3,
ot)=<6t—1 if1/3<t<2/3,
3 ift >1/3.

In this case ;1 = 0 is constant.

« Mean & Variance (Both) change experiment: The time series is Gaussian noise with 1(t)
and o(t) given by

0 ift < 1/5, 1 ift < 3/5,
p(t)=<10(t—1/5) if1/5<t<2/5, o(t)=<10t—5 if3/5<t<4/5,
2 ift >2/5, 3 ift >4/5.

We compare relevant prior works to TSM-DE with the RBF and the sliding window (SWL) model’,
where the hyperparameters in both cases were chosen via cross-validation, see section 6.4.7 for
details.

Whilst not outperforming existing methods across all experiments, TSM-DE remains competitive.
Further, TSM-DE is more flexible; it does not require a priori assumptions on the type of
changepoint encountered, and has broad applicability to all of the considered changepoint
detection problems. Overall, this suggests the method’s potential in downstream applications.

6.6 Applications

6.6.1 Real Data: Temperature Anomalies (1850 - 2023)

Consider as an example the effect of climate change on global surface temperatures in the
northern hemisphere (NCEA, 2024). Temperatures are increasing over time (IPCC, 2022), and

The accuracy of TSM-DE will be artificially smaller due to the binning process described in section 6.4.5, as
there is a less fine ‘grid’ to ‘predict’ changepoint locations on. We do not expect this disparity to be significant.
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Figure 6.3. Changepoint detection (finding the beginning and end of the change periods) on
temperature anomalies from 1850 to 2023, using TSM-DE with the sliding window method.

much interest lies not only in the detection of the changes of these temperatures, but in studying
the rate at which the temperatures are changing. Figure 6.3 shows temperature anomalies;
temperatures as a deviation from the average from 1901 to 2000, across the last 173 years, as
well as the detector and detected change period locations from TSM-DE.

In this example, we assume that the change can be either gradual or abrupt. Our method does not
make any assumptions on the type of change that is occurring. We use TSM-DE with the sliding
window method, a small penalty parameter (A = 0.2, to encourage periods of stationarity),
and estimate the temperatures’ change periods using equation (6.8). The first change period
is between 1918 and 1937, and the second from 1977 to the present day. In both periods, we
can interpret the value of 0,0;, which is positive, indicating that temperatures are increasing.
Further, in the second period of change, 9,0, is also increasing steadily, indicating that the
change in temperatures has been rising over the last 40 years, and continues to increase.

In a study on the changes of surface temperatures, Jones et al. (1999) find that the largest periods
of increase are from 1925 to 1944, and from 1978 to 1977. These align with the change periods
detected by TSM-DE, verifying our result. Further, in a summary on global temperature change,
Lindsey and Dahlman (2024) show that temperatures start to increase rapdily from 1980 to the
present day, which also matches our findings.
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(b) Changepoint detection across all stocks.

Figure 6.4. Estimates of 0,0, and changepoint detection for correlation changes across the
global financial crisis time period, using TSM-DE with the sliding window method.

We compare our method to piecewise linear MOSUM (Kim et al., 2024), which find change
periods between 1920 and 1943, and from 1977 onwards to the present day. These are very close
to the change periods found using TSM-DE, and serve to also corroborate the findings of our
method.

6.6.2 Real Data: Global Financial Crisis

We seek to detect changepoints in stock prices across various U.S. based companies, retrieved
from the Wharton Research Data Service (WRDS, 2024), over the duration spanning the global
financial crisis between 2007 and 2009. During this time, correlation measures between stock
prices increased significantly as the market asynchronously exhibited a downward trajectory
(Moldovan, 2011).

Inspired by Cho et al. (2023), we look at daily volatility measures, which is proportional to
the squared difference between the highest and lowest log-price of a stock on a given day,
across the time period spanning from 2001 to 2012. We take the d = 5 stocks with the highest
trading volume over the time period, and consider their volatilities as a changing multivariate
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Gaussian Graphical Model AV/(0y, @;1 (t)), and detect changes in the off-diagonal of the inverse
covariance matrix, ®4(t). Any change in ©;;(¢),Vj < i indicates a change of interactions
between the stock ¢ and stock j. Figure 6.4 shows the results of this experiment using TSM-DE
with the sliding window model. Figure 6.4(a) shows estimates of 0,0;;(t) for each pair, and
figure 6.4(b) shows D(t) and the detected changepoints, calculated by equation (6.9). We select
hyperparameters which minimise the testing loss on a validation set. Note that by modelling
0;04(t) in our model, ¢; is not restricted to a classic Gaussian graphical model. Since we only
model the parameter change, ¢; can contain other non-time dependent components.

Our method found three changepoints in 2004, the end of 2008 and the end of 2009. The
changepoint at 2004 likely corresponds to the introduction of the Net Capital Rule, which has
been referenced as one of the likely causes of the global financial crisis (Satow, 2008). The
second changepoint is likely the bankruptcy of the Lehman brothers, which is claimed to have
started the global financial crisis (Quax et al., 2013), and the third changepoint likely marks the
end of the stock comovement, when the markets began to stabilise. Across most stock pairs, the
sign of 0;0;;(t) is positive for the 2008 change and negative for the 2009 change, encouraging
the idea that our method has predicted that the correlations increased at the beginning of the
crisis and decreased at the end.

This example also highlights the interpretability of the method - the estimates of 0,0;;(t)
pictured in figure 6.4(a) correspond exactly to changes in the correlations between the volatility
measures of the stock pairs.

Finally, we compare our method to MOSUM adapted for covariance change and PELT. MOSUM
detected most changepoints around the end of 2004, the end of 2007 and midway through 2008.
PELT detected changepoints at the end of 2003, as well as midway through 2007, 2008 and 2009.
The changepoints detected by all methods remained largely consistent with the global financial
crisis, which also serves to corroborate the findings from TSM-DE.

6.6.3 Incremental Concept Drift

Consider for one final example simulating the idea of concept drift (Widmer and Kubat, 1996),
which describes the evolution of ideas over time, causing a shift in the underlying data distri-
bution. It poses a significant challenge for models trained on outdated data, and may result in
inaccurate predictions on modern data. Many works have studied detecting concept drift in the
framework of changepoint detection, see for example Gama et al. (2014) and Lu et al. (2018).
We simulate the idea of concept drift by training a basic convolutional neural network on the
CelebA dataset (Liu et al., 2015) to classify whether an individual is smiling or not. Importantly,
the neural network is not trained on any faces that are wearing glasses. Then, we gradually
introduce samples including faces that are wearing glasses, and treat the neural network outputs
as a time series.

More specifically, across 1" = 500 timepoints, we sample n = 20 images per timepoint. Each
sample has probability 7(¢) of being a face that is wearing glasses for a given time ¢, where
7(t) is a piecewise linear function that is increasing from 7(t) = 0 at t = 0.4 to 7(¢t) = 0.62 at
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(a) Random samples of the concept drift simulated dataset for different time points. Note that glasses and sunglasses
become more prevalent at larger time values.

0.0 0.2 0.4 0.6 0.8 1.0
—--= X%6,0.99 —— Change Period Boundaries

(b) Probability of sampling a glasses wearer (top), and changepoint detection using TSM-DE (bottom).

Figure 6.5. Concept drift experiment. Detecting a shift in the distribution of a neural network
representation as images of people wearing glasses gradually introduced to the dataset, using
TSM-DE with the sliding window model.

t = 0.6, pictured in figure 6.5(b). Some image samples for different ¢ can be seen in figure 6.5(a).
The idea is to detect an underlying change in how the representation given by the network
changes when out-of-distribution data is gradually introduced.

We use the sliding window method in TSM-DE, and let f be the output of the penultimate layer
of the classification network, for which d = 16. Note that our choice of f induces an intractable
normalisation term in the density model ¢;. We choose hyperparameters by minimising our loss
on a validation set. We estimate the change periods using equation (6.8): One change period is
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detected spanning from ¢ = 0.399 to ¢ = 0.623, where the true change period spanned from
t=04tot=0.6.

We can apply other changepoint detection methods directly to the outputs, f(x), for comparison.
Piecewise linear MOSUM detected no changes in the mean or variance. MOSUM detected a
change in the mean at t = 0.569, and changes in the variance at ¢ = 0.451 and ¢ = 0.527. PELT
detected one changepoint at ¢ = 0.502. These methods are not directly suitable to this task, as
they all detected changepoints at singular instances, not across the span of the changing trend.
Detecting changes in the distribution of these neural network outputs is likely a more difficult
task due to the added complexity in the dataset. These results suggest that TSM-DE is a better
performing changepoint detection method when the problem is more complex.

6.7 Conclusion

We have presented TSM-DE, a novel methodology which estimates the derivative of a time-
evolving density function, with minimal assumptions on the density itself. This makes it a more
flexible approach to changepoint detection than previous methods. Experimental results show
that TSM-DE is a comparable estimator to other changepoint detection methods, and performs
better for a more complex example. Due to its flexibility, we believe this work has large scope
for extension and future research in application to other, more complex changepoint detection
problems, for example, a parameter change in time series regression, or in an autoregressive
time series.

We recognise that the requirement of large n is difficult to obtain for most time series data,
however experimental results are reassuringly accurate for small n. We presented two models:
the RBF and sliding window model. Depending on the choice of model for ¢(t), there are likely
a number of hyperparameters to tune, for which we have implemented a basic selection method
based on cross-validation. It is also possible that different models could improve the accuracy of
TSM-DE further, which is an interesting direction for future work.

A complete implementation is available in Pythonat ht tps: //github.com/t smdepaper/
tsmde/.

6.8 Proofs

6.8.1 Proof of theorem 6.1

Recall that

exp ((67, f(®)) + (¢*, h(x)))
Z(67, ¢*) ’

g = q(x; 07, 0") =
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where ¢* does not depend on ¢t and therefore J,¢p* = 0, and for simplicity we have written
0, = 0(t). Next, let us write the time score function as

() = Dloga, = 0, (6], F(@) + (6", h(a))] — 0 1og Z(67. &)
— (@07 f@) - %)

ALy exp (6°(1). £(@)) + (" h(a)) da]
AT

At this point let us note that the numerator on the right hand term can be written as

= (0.0, f(x))

o [ /X exp ((0%(1), £ () + (" h(x)) dax
_ /X 8, [(0°(1). £ (@)} + (", h(@))] exp (0*(2), (@) + (¢, h())) da
- /X (0,67 F(@)) exp ((68%(1), F(@)) + (" h())) dac

and therefore

e L (087 @) exp (6°(0), F(@) + (" b)) do
Vg (x) = (0107, f(x)) — = (07, %)
~ @01, 5(@) ~ [ (007, ) LTSN LMD

— (0,6} f(x)) — /X (0,07, £(2)) a(@; 0F ")
— (0,6}, F(x)) — Eq, (0167, F(@))].,

as desired. All equalities either come from applications of the chain rule or simple rearrange-
ments.

6.8.2 Proof of Gaussian Example

Let us group this example into three parts: fixed mean and time-dependent variance (1 and o?),
time-dependent mean and fixed variance (y; and %), and time-dependent mean and variance
(11¢ and o?). Each one is detailed in distinct sections below.

Across all three cases we aim to verify the following equation holds

O log g1 = <8t0t> f(.%‘) - ]EQz [f(l')b, (6-14)

which is our formulation given by theorem 6.1. For the exponential family, the natural parame-
terisation of the Gaussian distribution is given by

o—| 7| (6.15)

T 202

for a given 1 and o2
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Fixed mean and time-dependent variance Let the fixed mean be written as y and the
time-dependent variance be written as oZ. Firstly, according to this Gaussian distribution, the
LHS of equation (6.14) is given by

A — )2
(9,5 log qr = 8t (M) — 8,5 log(v 27 O't)

20f
o (Y va () — o, (22 — o, og )
= —0 2%2 t o, t 20% t {108 0¢
— 220, (1 LY g (L) 0o
= - 8t (20_? + l‘/Lat o 1% 8,5 20’252 o, (6.16)

We aim to show that when f(x) = [x, 22], the RHS of equation (6.14) is equal to this. We first

write
1% 1
e 1oy (2
0 = [ 031] ) 0,0, = ' (U§>

0 (az)

By the chain rule,

1 o? _ o2 2 oo
020, ( ) =ty (0; 2) — _?t?atgt = 7t

2
20f

which, substituted into the equation above, leaves

1 ) 1 ) 1 8,50',5
”8<> “8t(2a%> 8(2) o
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for which all terms match the terms in equation (6.16) as desired.

Since we are doing very similar operations across all examples, the following two derivations
will be lighter on details but should be straightforward to follow.

Time-dependent mean and fixed variance Firstly, write ji; and 02 as the mean and vari-
ance of this Gaussian distribution, respectively. The time score function, i.e. the LHS of equa-
tion (6.14) is given by

_ _ 2
8t logqt = (9,5 <w> — 8t IOg(\/ 27 O')

_ 220 — Oy (f)
202

. (6.17)

The natural parameters are given by

6, = o 0, = o — o
t [—Q;J’ o6 [a(—?;z) 0]

and so we consider the first dimension only. The RHS of equation (6.14), when f(x) = z is
given by

@81, 5(0) - B @) = (20— )

Oy — O piy
2

8 2
Oy iy — L;t)

2

g
_ 220y — Oy(1f)
202

where the penultimate line is due to the chain rule. This matches equation (6.17) as desired.

Time-dependent mean and variance Firstly, write z1; and o7 as the mean and variance of
this Gaussian distribution, respectively. The time score function, i.e. the LHS of equation (6.14)
is given by

_ _ 2
8t log qt = (9,5 (W) — 8t IOg(\/ 2w O't)
t

1 O 1 O (11?) 1 oo
2 it t (g 2 t0t
! <20’t2) o? e (0?) 207 e 207 o

(6.18)

The natural parameters are given by

ot:[%]’ 0,6, = o(%) | _ [ % +mo ()

“27 (o) | olz) |
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The RHS of equation (6.14) when f(z) = [z, 2] is given by

(0:0r, f () — Eq, [ (2)])

where the last three equalities, in their respective order, are due to collecting like terms, the chain
rule on the last term, and the chain rule again on the third term. This matches equation (6.18),
completing the proof.

6.8.3 Proof of theorem 6.2

Let us begin from the initial formulation of our time based score matching objective with weight
function ¢g; = ¢(t) for which g(0) = g(1) = 0, i.e. g(t) = 0 at the edges of our time domain
t € [0, 1]. The initial objective is given by

100 = [ B [alliae) - i@l i

t=1 t=1
— / Eq, [gtst(m)z} dt — 2/ Eq, {gtst(a:)lbqt (x)| dt + C,
t=0 t=0

where C' = j;f:ol Eq [gtibqt (w)Q} dt is a constant with respect to the model s;(x). Continuing,

t=1 t=1 _
Jo(6,) = /t:o E,, [gis(2)?] dt — 2 /t:o /X Gt (@) guse(@)dwdt + C

t=1 t=1
= / eq [gtst(ac)z] dt — 2/ / 8tqtgtst(ac)dacdt + C,
t t=0 JX
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where in the final line we have used qti/}qt (x) = q:0¢ log ¢+ = Orqy to simplify. We continue by
expanding the middle term via integration by parts

Jo(0y) = /tt:1 Eq, [gtst(m)Q] dt — 2 [/ qtgtst(w)dm} - +2 /ttZI/ qt0¢(gese(x))dzdt + C

=0
t=1
:/ eq [gtst dt+ 2/ / qtat gtSt( ))dwdt +C
t=0 t=
t=1 t=1
= / gt]eq [St( ) ] dt + 2/ 8tgteq [st(w)] dt + 2/ Qteq [8t3t(:c)] dt + C,
t=0 t=0 t=0

(6.19)

where the second equality is due to the boundary condition imposed on g, i.e. [ S aegese (m)dm] Z(l) =
0asg(0)=g(1)=0.

Let us now substitute the model given in equation (6.4), stated again here for completeness,
given by

si(x) = s(w;t) = (0:0y, f(x)) — By, [(0:0:, f())].

We calculate E,, [s¢(x)] and E,, [0;s¢(2)] to substitute into the equation above. These are given
by

Eq, [s:(x)] = Eq, [(0:0:, f () — Eq, [(0:01, f ())]]
= Eq, [(0:01, f ()] — Eq, [(0:01, f(2))]
=0

Eq, [0vsi()] = Eq, [0¢ (0101, f () — Eq, [(0:01, f (x))])]
=Ky [_<81€29t7 f(@)) — 0, (Eq, [(0:0:, f(x))])]
= Eq, <at20ta f($)> — O (/ qt (0104, f(x)) dw’)}
=Ey, (076, f / Drqt (0104, f (x)) da’ — /X, 0 <8t20t,f(m)>dm’}
=E, <at 0, f(x)) — ., 0ua (918, f (@) da’ — By, (0764, f(x)) dw’]
=E, _<a§9t, f(x)) - 014t (016, f(w))dac’] —Ey, [(0761, f(x)) da']
=Eq, _ 0¢qe (0104, f(x)) dﬂ’fl] ,

L Jar
where the integral [, (...)dx’ is the same integral as [,.(...)dx but written as such to make
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them distinct from one another. Substituting these into equation (6.19) gives

t=1 t=1
Jo(6r) = /t 9By, [st(2)?] dt — 2/t 9tEq, [/X/ Orqt (0104, f (x)) dfl?/] dt+C

=0

=0
t=1 t=1
= / gteq [St(m)2] dt — 2/ gt/ qt (/ 8tqt <8t0t’ f(ﬁc)) d.’L'/> dxdt + C
t=0 t=0 X X/
@ t=1 ) t=1 ,
= / gteq [st(m) ] dt — 2/ gt </ qtdw> / 8tqt <6t0t, f(.’l?)) dx'dt + C
t=0 t=0 X X!

t=1 t=1
= / gteq [st(w)Q] dt — 2/ gt / 8tqt <(9t0t, f<ﬂ3)> dxdt + C.
t t=0 X

=0

In the equality denoted by (a), we have used the fact that inside the integral [ 2 q(...)dz
the only variable dependent on  was ¢;, as « and @’ are independent. We also have that
[ @dx = 1 by definition of ¢; being a probability density function. The equality denoted by
(b) contains a re-labelling of X = X’ and « = @/, as they are the same variable, only labelled
differently originally to make them distinct. We use integration by parts one final time to obtain

t=1

1e0) = [ ik [s@7) it —2 | [ @60 $(a) o

t=0

t=1
+ 2/15:0 /X%at (9t (0464, f(x))) deedt + C

t=1 t=1
— [ aBy [s@? a2 [ [ a0 (000 f@) dedt 1,
t t=0 X

using again that g(0) = g(1) = 0, and finally

t=1 t=1
Jc(0y) = /t 9tlq, [St(ﬁc)z] dt + 2/t—0 /X q:01g: (0:0y, f(x)) dadt

=0

t=1
+ 2/ / a9: {076y, f(x)) dedt + C
t=0 X

t=1
= /t—o Eq, [QtSt(SB)Q + 20:g: (010, f(x)) + 29+ <81520t7 f(fﬂ)ﬂ dt

which is the same as equation (6.6) in the main text.

6.8.4 Proof of theorem 6.4
Following section 6.3.4 and assumption 6.3, we have
0101 = aT(at(Z’(t))a

where a € R*** and 0;¢(t) € R. Note that b refers to the dimension of the features given
by ¢(t) which changes depending on the model for ¢)(¢). For brevity, let us shorten ¢(t) as ¢,

and f(x) as f.
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6.8.4.1 A Note on Matrix Sizes and Reshaping

Since avis a (b x k)-matrix, to derive its asymptotic distribution, we reshape a to a separate
vector & € R without loss of generality. Further, we also define separate vectors d;¢(t) €
RU**k and 02¢p(t) € RP**F_ defined such that &' (9;p(t)) = o (8,p(t)) and &' (82¢p(t)) =
o (0?¢(t)). All these new variables are defined as follows:

Op(t) 0, ... 0O O2p(t) 0, ... 0O
odn=| " MO O gy | @ A0 O
0, 0, .. O 0, 0, ... 2ot

a= [041,1, cey 1, 12, .., ozng]T

The reason and motivation for this reshaping should hopefully become clear by the end of this
section. In summary, it is so we can derive the asymptotic distribution for & as a vector, and
the results will carry forward to .

For convenience and bre\iity, for the remainder of this section we will not rename instances of
a as &, nor 0;¢(t) or Oy ¢(t), and they will remain as their original, non-tilde variants.

6.8.4.2 Asymptotic Distribution of \/n'(a — a*)

Recall our sample objective function, given by

1
T

%Zma(wi,tj) = %Zmn(a,tj), (6.20)

17 =1 j=1

A T n T
Jc(ot) ==

J

where for convenience of notation we have written m,, (o, t) = 2 > | mq(w;, t), and

ma(@,t) = g(t)si(@)” + 20,9(t) (00(1), f) +29(t) (576(1). f)

= o(t) (" (@16). F ~Eq, [F]) +2 {090 (01) + g(0)a” (3Pb,). F)
(6.21)

Denote by
1 n
m;L(a*7 t) = E Z vama(xiu t) ‘a:a*’
izl
m,(a* t) = ZVima(mi,t)‘a:a*,
i=1

1
n
)

IR
e ) = L 3 T8
=1
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the first, second and third derivative, respectively, of m,, (c, t) with respect to c, evaluated at
a*. Let & be the minimiser of the sample objective, given by equation (6.20), therefore

T

1 .

T E m, (a,t;) =0, (6.22)
i=1

Assumption 6.3 states that a* is the true parameter value under the model 8,07 = o* ' (8;9,),
such that

=1
/t E [Vama(z,t)| __.]dt=0. (6.23)
t

a=a*
=0

Now consider the Taylor expansion of m/, (&, t) around &*, given by

i(d _ a*)Qm///(a t)

/

m, (&, t) = m, (a*t) + (& — a*)m) (a*,t) +
= m,(a”,1) + (& — a)my(a”, t),

where we have used that m’(a, t) = 0 due to mq (x, t) being a quadratic function with respect
to . From the above, we can apply the sum on both sides to write

T
%Zm;( Zm o, t5) Zm”a tj) =0,
j=1

where the final equality comes from equation (6.22). We can rearrange and then multiply by
v/n’" on both sides to give

-1

T T
~ 1 1
Vn'l(a—a*) = TE m, (o, ;) TE Vnm (e, ;) | . (6.24)
7=1 7j=1

(a) (0)

We can study the right hand side of equation (6.24) to understand its asymptotic distribution
and therefore find an asymptotic distribution for \/n'(a — a*). In order, we will consider the
asymptotic properties of both (a) and (b) as n — oo and T — oo.

(a) By the law of large numbers,

= ;Zvima(:m,t)\a:w Ly By, [Vima(e.t)| ] (6.25)

and therefore
1 T
—Zm”a t;) Zeq V2mamt)‘a:a*],
j:l

because the dependence on ¢ in equation (6.25) is not related to the convergence in probability.
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(b) By the central limit theorem, when n — oo,

Vvn'ml (a*,t) \FZvama x;, )‘a o

d

— N (E [Vama(a:i,t)’ ] , Var [Vama(mi,t)‘a:a*])

a=a*

and hence

T
1
=2 Vim (et t;)
j=1

T
1
ZE ama x;,t )‘a:a*] aﬁ Zvar[vama(wiytjﬂa:a*]
Jj=1

Since we are studying in the case of T" — oo, we can also write
t=1

T
Z Vame ml’tj)‘a:a*] N E [Vama(ac,;,t)‘
= t=0

dt =0

a:a*]

by definition of a* as given in equation (6.23). Therefore we can say, overall,

T T
Z (a*,t;) L N | o, % > Var[Vama(mi, t;)] _..] | - (6.26)

H \

To combine both (a) and (b) together to determine the convergence in distribution of /n'(& —
a*), we use Slutsky’s Theorem. Since (b) converges in probability and (a) converges in distribu-
tion, the product of the two converges in distribution which is given by

-1

T T
~ 1 1
Vvn'(a—a*) = szg(a*’tj) TZ\/'Em;L(a*,tj) i>./\/(0,§]o‘),
j=1 j=1

where
1 -1/, X . 1
o= (TEE) T2 ;Var [Vama(:c,tj)‘a:a*] <T2E>
- 2]_—*71 ZV&I’ ama x tj)}a:a*] EEI (6.27)
and
T
Yp = ZE [Vima(m,tj)\a:a*] .

=1
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Finally, we need to define Vomg+ (,t), Vima+ (2, t) and Var[Voma-(z, ;)] for our case
as given in equation (6.21), under the null hypothesis 9,07 = o* ' (8;¢,) = 0. The first and
second derivatives for a general « are given by

Vama(z,t) = 29(t)(f — Eq [£)(f — Eq [£) T  (0,) (Orp,) T
+2(0g(1)(D1)" + 9O DFB(1) . F).
Vima(z,t) = 29(t)(f — Eq,[£))(f — Eq, [£]) T (9eb) (010b) "

First note that V2,m,(x, ) is independent of o and therefore
Vimg(x,t)|a—ar = Vime(z,t)
for any . Next,

Vama (T, t)|a=ar = 29(t)(f — Eq [f])(f — Eq, [f])Ta*T(at¢t)(at¢t)T
+2(29()@) T + 9D S0). F)
=2 (0g()(@10) T + 9 (OGRS )

where the final equality is due to the initial assumption of the null hypothesis that 9,07 =
o* " (0y¢;) = 0. Both of these terms are now independent of o*. Finally, we can work out
Var[m.,(x,t)|a=a*] using these calculations:

— By, [2 (09000 + 9())(030) 7, £ ) — Ba[2 (090 (@i0) + 9(1)(026) T, £ )])?]
=&y, [4((29(0)(@) " + 9(1)(020) 7, £ ) — (Dug(8)(Drb)” + 9(0)(D3b) " B [£]))?]
— By [4(0g(0(@i)T +9()(076) 7, F — B [f]))?]

Combining all these terms together gives a tractable formulation for 3 and hence a tractable
asymptotic variance for /n'(a@ — a*), which does not depend on knowing a*.

6.8.4.3 Asymptotic Distribution of 9,0,

Consider for a given ¢, taking the dot product between y/n'(a — a*) and 9,¢,, which gives

V(@ —a) (i) = Vi@ () — ot (Oriy) = Vi @' ()

where the final equality is due to the initial assumption of the null hypothesis, that 9,07 =
o* " (8,¢,) = 0. Then we have

. d
Vi & (06,) 5 N (0, (016,) Saldi)))
by the definition of multivariate Normal variables. This is the asymptotic distribution for 0,0;.
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CHAPTER

DiscussioN

7.1 Contribution Overview

In this thesis, we have made a number of theoretical and methodological contributions towards
the field of unnormalised modelling. Most notably, we have proposed a number of new method-
ologies for truncated density estimation under numerous settings. These methods are applicable
to most truncated density estimation problems; such as bounded Euclidean domains, bounded
Riemannian manifolds, and also where we only have access to samples from the truncation
boundary as opposed to its exact formulation. Chronologically, in order of their presentation,
these works build upon one another.

Chapter 3 In this chapter, we proposed Truncated Score Matching, or TruncSM, which is a
general purpose method for truncated density estimation when the domain of truncation is
non-trivial. It is applicable for any generic domain, and requires the specification of only a
function measuring the distance from a given point to the boundary. Under a suite of numerical
experiments, we have shown the power of the proposed method. TruncSM is broadly applicable,
but the requirement of the specification of a distance function means it has some drawbacks,
for example, when the functional form of the boundary is unknown.

Chapter 4 In this chapter, we extended TruncSM and Mardia et al. (2016) to where the domain
is a manifold with boundary, called Truncated Manifold Score Matching (TMSM). This is not
a straightforward extension, since the derivation in TruncSM to yield a tractable objective
function requires an application of integration by parts which holds only under a Euclidean
assumption on the domain. Instead, we have used a variation of Stokes’ theorem to apply a
similar process. We presented an application of TMSM to truncated domains on the sphere, by
using distance functions also defined for the sphere, given by the Haversine distance and the
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projected Euclidean distance. Across numerical experiments, we showed that by accounting for
the manifold, we obtain more accurate results than TruncSM on the sphere.

Chapter 5 In this chapter, we presented a different way of performing truncated density
estimation which does not rely on the specification of a distance function, unlike chapters 3
and 4. This is achieved by introducing a new type of Stein class, called an approximate Stein
class. Truncated density estimation using this method requires only a set of points which are
samples from the truncation boundary. We hypothesise that this is easier to obtain in practice
than a distance function; for example, in geographical applications it is easier to acquire a
readily available set of coordinates that define a domain, rather than a functional form of a
boundary. We presented several numerical experiments which highlighted that even with this
relaxed set of assumptions, this method performs on-par with TruncSM, and surpasses it for
some specific examples.

Chapter 6 In this chapter, we presented an alternative method for unnormalisable density
functions: by using time score matching, we develop a general purpose algorithm for changepoint
detection that does not require any specific assumption on the type of changepoint expected.
This flexibility is achieved by modelling the derivative of the density parameter with respect to
time, which has broad applicability and meaningful intuition. Since the score matching objective
does not require knowledge of the normalising constant, the range of data distributions which
this method admits is extremely large in scope. We tested the method on a diverse set of
problems, which showed that our method provides comparable results to changepoint detection
methods that are designed specifically for a certain problem type. Notably, when the task is
more complex, this method outperformed prior changepoint detection algorithms.

7.2 Related Work

Chapters 3 and 4 These works have built upon score matching (Hyvérinen, 2005), as well
as its extensions by Hyvérinen (2007), Mardia et al. (2016), Yu et al. (2018), and Yu et al. (2019).
We consider chapters 3 and 4 as further extensions of score matching that generalise its use to
truncated domains and truncated domains on a manifold.

Previous methods for truncated density estimation have been limited to estimating Normal
distributions only, (Daskalakis et al., 2018, 2019), whereas chapter 3 is the first method to our
knowledge that is applicable to any generic truncated domain. However, a recent work by Lee
et al. (2023) proposed an algorithm based on projected stochastic gradient descent that can learn
a more general class of distributions in log-concave exponential families.

Whilst the methods presented in these chapters are for estimation in bounded domains, Yu
et al. (2021) proposed an extension of chapter 3 to unbounded Euclidean domains, where
the boundary, 0V, is instead component-wise. A separate work by Scealy and Wood (2023)
studied polynomially tilted pairwise interaction models for analysing compositional data, which
also extended chapter 3 to manifolds with boundary using score matching, in a similar way
to chapter 4, primarily focusing on the simplex (and by a simple transformation, the upper
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hemisphere). Scealy and Wood proposed a distance function, inspired by chapter 3, given by the
Euclidean distance on the simplex. This bears similarities to the projected Euclidean distance
proposed in section 4.2.2.1.

Score-based methods, and score matching particularly, have seen recent developments in the
application of generative modelling via diffusion processes. Recent works such as De Bortoli
et al. (2022) have introduced an extension of diffusion models to Riemannian manifolds. Fishman
et al. (2023) consider a further application of these models to bounded Riemannian manifolds by
including a distance function which scales the score function, which was inspired by chapter 3.

Chapter 5 The work in this chapter was inspired by a number of unnormalised modelling
methodologies, most notably Stein discrepancies (Gorham and Mackey, 2015; Stein, 1972), and
kernelised Stein discrepancies (Chwialkowski et al., 2016; Liu et al., 2016). Since we propose the
new framework of the approximate Stein class, we view this also as a more general extension
of Stein classes that work in an approximate sense.

Several works have designed Stein discrepancies for which the Stein operator holds in an
approximate sense. To assess the quality of graph generating functions, Xu and Reinert (2022a)
introduce approximate Stein operators, which has some similarity to the approximate Stein
class presented in this chapter. Later, Xu and Reinert (2022b) develop a non-parametric Stein
operator which is an consistent estimator of the Langevin Stein operator, whose approximation
quality increases with number of samples. It is likely that both of these methods fall under the
approximate Stein class framework presented in this chapter.

Chapter 6 Similar to chapters 3 and 4, this work uses score matching (Hyvéarinen, 2005), but
instead of using the classical data score function, uses the time derivative of the log density
function, called time score matching, which was introduced by Choi et al. (2022). Choi et al.
extended telescoping density ratio estimation from discrete bridges to continuous paths via
estimation of the time score function, and along the same lines, we believe that estimating the
time score function in the changepoint detection setting has extended the classical moving-
window based changepoint methods to continuous variations. This is due to these moving-
window based methods, such as MOSUM (Eichinger and Kirch, 2018; Meier et al., 2021), measure
the difference between a statistic (usually the mean) before and after a candidate changepoint.
In essence, this can be seen as a form of estimating the derivative in a discrete setting, as it
judges how much a quantity changes over some fixed timescale. This is similar to our method,
but we estimate the derivative directly in a continuous fashion.

7.3 Future Work and Limitations

Chapter 3 The choice of the weighting function is a key point of interest in this work. Whilst
the distance function naturally arises from maximising a Stein discrepancy, it is based on the
assumption that the weighting function is Lipschitz continuous, which is not a flexible function
class. A more adaptive choice of a weighting function could produce a better performing
estimator, but would likely require larger computational overhead if the adaptive selection
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procedure is based on an outer optimisation problem. Chapter 5 is one such way of adaptively
choosing the distance function based on kernelised Stein discrepancies instead of score matching.

Section 3.4.2 detailed an experiment related to compensating for over-trimming in outlier
detection. We showed that this method is able to recover the density of an uncorrupted dataset
effectively, and this was tested successfully for synthetic data as well as latently embedded
image data. In higher dimensions, such as higher-dimensional images, with more complicated
truncation boundaries from more complex outlier detection methods, the distance function
used in this method may be intractable or very computationally expensive to evaluate. We
hypothesise that rather than using a distance function as the weighting function, we could
instead directly use the discriminatory function that is output by the outlier detection method.
More specifically, the outlier detection method outputs a function f(x) for which x is classified
as an outlier if f(x) < 0,and itisan inlierif f(a) > 0. This means that our truncation boundary
is given by the level set where f(a) = 0. This is exactly the conditions needed for the truncated
score matching derivation in this chapter. Further study of using f as the weighting function
could produce a better performing density estimator in this scenario, and is an interesting
direction for future work.

Chapter 4 The estimator proposed in this chapter is applicable to any manifold for which
Stokes’ Theorem holds, and therefore a natural extension of this work is to consider other man-
ifolds; we only discussed applications on the two-dimensional sphere, inspired by applications
on the surface of the Earth. Other manifolds would require different distribution specification
and different weighting functions. To generalise this work further, a more general purpose
weighting function could be developed that would be applicable to any Riemannian manifold.
For example, similarly to the projected Euclidean distance function, by projecting from any
manifold into the Euclidean domain, or a more general geodesic distance function. Further
extensions of this work could include generalising truncated score matching to other types of
manifolds, such as Grassmanian manifolds.

Chapter 5 This method relies on a number of hyperparameters, and whilst this is typical
in most kernel-based methodologies, there could be benefits to adaptively choosing these
hyperparameters based on some selection criteria such as cross-validation. There is also a large
computational expense; one needs to invert the kernel matrix of boundary points, which scales
cubically with m, the number of samples from the boundary. One experiment has shown that
the distribution of boundary points affects the estimation error, and therefore possible future
work could include adaptively selecting the most relevant boundary points to include, possibly
reducing the computational expense whilst only minimally affecting the performance of the
method.

Chapter 6 We proposed a framework that is independent of the modelling choice for the
time-varying derivative, 0;0;, but choice of this model ultimately impacts the performance of
the method. We present a few choices for models, but it is possible that better choices of these
models could hence produce a better performing estimator. An interesting example for future
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work could be exploring when the model is an element of a reproducing Kernel hilbert space
(RKHS), which would be extremely flexible and likely would have a closed form solution.

Since the approach presented in this chapter is quite flexible, due to estimation of the derivative
of the data density’s parameters directly, we suppose that there is a large amount of downstream
application that this method could be applied to. More complicated changepoint detection
problems, such as the concept drift example presented in section 6.6.3, may benefit from use of
this method. Along the lines of that experiment, one could use a similar approach to detecting
overall changes in a video feed embedded by a convolutional neural network.

Our changepoint detection method is an offline method, meaning that one needs to observe
the full dataset to perform meaningful inference. It is possible that the method is adaptable
to an online procedure, where detection happens iteratively and the detection procedure is
updated as more data is streamed into the process. This would require redefining the timescale
as well as the asymptotic distribution of the estimator with each data update, which would be
an expensive computation in the current version of the method. We believe this is an interesting
direction for future work, and would be a natural extension of our work.
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